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FOREWORD 


This  report  was  prepared  at  Mellon  Institute  under  USAF  Contract 
No.  AF  33(657)-10661o  The  contract  was  initiated  under  Project  No.  7342, 
"Fundamental  Research  on  Macromolecular  Materials  and  Lubrication  Phenomena," 
Task  No.  734203,  "Fundamental  Principles  Determining  the  Behavior  of 
Macromolecules."  The  Work  was  administered  under  the  direction  of  the 
Air  Force  Materials  Laboratory,  Research  and  Technology  Division. 

Dr.  W.  E.  Gibbs  was  the  project  engineer. 

This  report  covers  work  done  from  1  January  1963  to  31  December 

1963. 


The  investigations  described  in  Part  I,  "Dilute  Solution  Studies," 
were  aided  by  a  number  of  persons  in  addition  to  the  authors  listed. 

Mr.  R.  E.  Kerwin  programmed  computer  calculations  (Sections  I,  III). 

Mr,  J.  W.  Mickey,  Jr.,  helped  with  computations  and  experimental  measure¬ 
ments  (Sections  I,  II).  Mr.  R.  J.  Reitz  contributed  to  characterization 
of  solvents  (Section  II).  A  cross-linked  polystyrene  (Section  II)  was 
provided  by  Dr,  J.  G.  Pritchard  (now  at  Hof fman-LaRoche,  Inc.).  Anionically 
polymerized  linear  polystyrenes  (Sections  II,  VII)  were  prepared  by 
Dr.  F.  Wenger  (now  at  Celanese  Corporation),  Mrs.  S.-P.  S.  Yen,  and 
Mr.  T.  Altares.  Dr.  B.  P.  Block  of  the  Pennsalt  Corporation  provided 
samples  of  zinc  and  chromium  coordination  polymers  (Section  IX). 


ABSTRACT 


[^Theoretical  and  experimental  investigations  have  been  made  con¬ 
cerning  properties  of  synthetic  pol3miers  in  dilute  solutions.  The 
dependence  of  the  molecular  dimensions  of  linear  polystyrene  upon  the  nature 
of  the  solvent  and  temperature  has  been  studied  under  "theta**  conditions-- 
•  when  the  configuration  is  **unperturbed**  by  interactions  of  indirectly 

connected  elements  of  the  chain.  A  rather  comprehensive  study  has  been 
made  of  the  configurational,  hydrodynamic,  and  thermodynamic  behavior 
»  (as  reflected  by  the  second  virial  coefficient)  of  linear  polystyrene  in 

decalin  over  a  sufficiently  wide  temperature  range  that  the  solvent  character 
ranges  from  poor  to  moderately  good.  The  data  are  used  in  assessing  the 
validity  of  current  theories. 

The  molecular  dimensions  of  branched  polymers  in  dilute  solution 
and  the  second  virial  coefficient  are  the  subjects  of  theoretical  treat¬ 
ments:  some  pertinent  experimental  data  are  also  presented. 

Preliminary  dilute  solution  measurements  are  reported  on  two 
unusual  coordination  polymers  derived  from  zinc  methyl  phenyl  phosphinate 
and  hydroxyaquo  chromium  diphenyl  phosphinate.^ 

Two  instruments  for  solution  measurements  have  been  constructed 
and  evaluated:  a  magnetically  operated  Couette  viscometer  and  a 
differential  refractometer  of  high  precision. 

Viscosity  data  on  a  variety  of  polymers,  linear  and  branched, 
can  be  correlated  empirically  by  a  function  of  temperature,  chain  length, 
concentration  of  diluent,  and  the  frictional  coefficient  per  chain  atom. 
Introduction  into  the  WLF  equation  of  an  energy  function  derived  from  es¬ 
timates  of  rotational  barriers  within  polymer  chains,  leads  to  some  success 
in  reducing  data  on  the  temperature  variation  of  the  friction  factor  to  a 
common  functional  dependence. 

A  **two-state*'  mechanism  is  described  to  explain  the  stereoblock 
structures  that  occasionally  result  from  homogeneous  anionic  polymerizations. 
Experimental  work  in  progress  has  two  aims:  to  furnish  more  definitive 
evidence  for  the  two-state  mechanism  and  to  provide  synthetic  methods  for 
poly(methyl  methacrylate)  of  narrow  molecular  weight  distribution  and  con¬ 
trolled  stereoregular  structure.  In  view  of  conflicting  previous  evidence, 
polyvinyl  alcohol  prepared  by  hydrolysis  of  vinyl  formate  polymers  is  being 
studied  by  nuclear  resonance  spectroscopy  to  elucidate  the  stereostructure. 

This  technical  documentary  report  has  been  reviewed  and  approved. 


f 


to 


William  E.  Gibbs 
Chief,  Polymer  Branch 
Nonmetallic  Materials  Division 
AF  Materials  Laboratory 
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PART  I  -  DILUTE  SOLUTION  STUDIES 


Branched  Polymer s--Dimensions  of  Chains  with  Small  Excluded  Volume* ** 
G.  C.  Berry  and  T.  A.  Orofino 


In  previous  reports  (ASD-TR  61-22,  Parts  II  and  III)  preliminary 
accounts  were  given  of  theoretical  calculations  of  the  initial  effect  of 
segment- segment  excluded  volume  on  the  dimensions  of  branched  pol3mier 
molecules.  In  the  following  text,  we  present  a  detailed  treatment  of 
the  complete  investigation  while  bringing  the  discussion  up  to  date. 


A.  Introduction 

In  an  earlier  communication^  the  unperturbed  dimensions  of 
star—  and  comb— shaped  branched  structures  were  calculated  in 
accordance  with  the  familiar  random  flight  model.  It  is  the  purpose 
here  to  extend  some  of  these  computations  to  take  into  account  the 
initial  effect  of  segment  excluded  volume  on  molecular  size.  In  terms 
of  observable  systems,  the  model  employed  is  intended  to  correspond  to 
polymer- solvent  mixtures  maintained  at  temperatures  somewhat  removed 
from  the  ©-point  of  the  selected  pair. 

Specifically,  we  shall  be  concerned  with  evaluation  of  the 
coefficient  ai  appearing  in  the  series  development  for  the  mean  square 
radius  <  s^  >  of  a  polymer  chain^ 

<  s^  >/<  s^  >  =  =  1  +  a^z  +  a2Z^  +  .  .  .  (1) 


as  applied  to  certain  classes  of  p- functional  regular  star  and  regular 
comb  molecules^.  In  the  above  relationship,  suitable  for  the  descrip 
tion  of  either  linear  or  branched  molecules,  denotes  the  expansion 
of  the  mean  square  radius  about  its  random  flight  value  (subscript  zero) 
and  z  is  an  interaction  parameter  defined  by 

z  =  (3/2ifb^)^/^n^/^p  (2) 


wtiGT*©  b  is  tbs  length  of  one  freely  jointed  chain  eleinent  of  (excluded) 
volume  P  and  n  is  the  total  number  of  such  segments  comprising  the  polymer 
model  considered.  Under  random  flight  conditions  (0-solvent  media)  p  is 
zero.  The  coeffient  ai  in  Eq.  (1),  particular  for  each  specified, 
geometrical  chain  structure,  may  thus  be  taken  as  a  measure  of  the  extent 
to  which  weak,  (net)  segment- so Ivent  inter  actions  augment  the  mole  cu lar 

radius. 


*Part  of  this  work  was  presented  at  the  144th  Meeting  of  the  American 
Chemical  Society,  April  1963,  Los  Angeles,  California. 

**Manuscript  released  by  the  authors  August,  1964,  for  publication  as  an 
ML  Technical  Documentary  Report. 


The  range  of  experimental  conditions  over  which  Eq.  (1)> 
expressed  only  to  the  term  linear  in  z,  may  be  expected  to  provide  an 
adequate  description  of  a  given  polymer- solvent  pair  is  usually  quite 
restricted.  Nevertheless,  knowledge  of  the  parameter  ai  is  of  importance 
in:  (l)  providing  a  relative  comparison  between  chain  dimensions  of 

chemically  identical  polymers  of  different  structure  dissolved  in  common, 
poor- solvent  media;  (2)  correlations  of  Q?  with  second  virial  coefficient 
data,  through  which  a  measure  of  absolute  chain  dimensions  may  be  obtained 
and  (3)  establishing  a  rigorous  basis  for  certain  approximate  treatments 
of  coil  size. 


B .  Theory 


In  adapting  the  relationship  (1)  to  branched  polymer  systems, 
we  have  employed  a  procedure  equivalent  in  most  essential  details  to  that 
followed  by  Fixman^  and  earlier  investigators  in  applications  to  the 
linear  molecule.  Before  proceeding  with  the  mathematical  development, 
however,  it  may  be  useful  to  provide  a  brief,  descriptive  supplement  to 
the  general  theoretical  treatment,  expressed  somewhat  more  directly  in 
terms  of  the  molecular  model  assumed. 

The  usual  analogy  drawn  between  the  real  polymer  molecule 
dissolved  in  0-solvent  media  and  the  familiar  random  flight  chain  suggests 
the  obvious  extension  to  good-solvent  systems,  viz .  representation  of  the 
polymer  by  an  equivalent  chain  model  in  which  each  constituent  segment 
pervades  a  certain  volume  in  space.  The  latter  stipulation  imposes 
restrictions  upon  the  conformational  behavior  of  the  assumed  model,  which 
may  be  presumed  to  relate  closely  to  those  experienced  by  the  real  polymer 
chain  in  dilute  solution.  Random  flight  statistics  suffice  for  description 
of  the  model  system,  the  computations  involved  amounting  to  deletion  of ^ 
those  contributions  to  a  particular  property  vdiich  violate  the  restrictions 
of  volume  exclusion.  Thus,  in  calculations  of  the  mean  square  radii, ^ 
only  those  conformations,  and  the  associated  dimensions,  of  random  flight 
chains  are  retained  in  which  all  of  the  specified  elements  of  volume 
assigned  the  segments  in  no  way  overlap. 

The  required  enumeration,  and  subsequent  subtraction,  of  for¬ 
bidden  random  flight  conformations  may  be  conveniently  implemented  through 
an  appropriate  series  designation  for  the  probability  of  the  union  of 
(2)  events,  each  of  which  denotes  an  overlap  between  two  particular 
chain  segments.  Retention  of  only  the  first  term  of  the  series  accounts 
for  deletion  of  all  possible  random  flight  conformations,  considered 
individually,  in  which  at  least  one  such  overlap  occurs.  This  stage  of 
development,  with  which  we  shall  be  solely  concerned  in  the  present  ^ 
t;];0atm0nt  of  branched  molecules,  is  analogous  to  the  single  contact 
approximation  originally  introduced  by  Zimm  in  the  related  treatment  of 
the  second  virial  coefficient. 

In  accordance  with  simplifications  adopted  in  the  treatment  of 
the  model  chain,  several  assimiptions  concerning  the  nature  of  polymer- 
solvent  interactions  in  real  systems  are  implied:  (1)  the  polymer 
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molecule  can  be  regarded  as  comprised  of  identical,  flexible  chain  elements 
(statistical  segments);  (2)  the  nature  of  (net)  segment- segment  interac¬ 
tions  is  such  as  to  justify  representation  by  a  short  range  potential 
function;  and  (3)  the  various  interactions  are  pairwise  additive  (assump¬ 
tion  of  superposition) . 

1.  Formulation  of  the  mean  square  radius ■  Consider  a  random 
flight  chain,  of  any  specified  branching  geometry,  in  which  the  length 
of  each  of  the  n  contiguous  chain  elements  is  governed  by  a  gaussian 
distribution*.  The  probability  that  the  t-th  segment  vector  assimies 
the  value  r^  is  proportional  to  exp(-3r|/2b^)  where  b  is  the  rms  segment 
length.  The  random  flight  probability  distribution  for  the  spatial 
arrangement  of  a  particular  linear  sequence  of  elements  (numbered  serially) 
from  i  to  j  may  thus  be  expressed 

j 

P°(r.  .)  =  n  (3/2rtb^)^/^  exp(-3r^/2b^)  (3) 

t=i 


to  which  ^  is  the  vector  displacement  of  the  terminal  elements  of  the 
sequence . 


Equation  (3)  can  be  modified  through  incorporation  of  an 
appropriate  weighting  factor  fj^„,  to  provide  for  exclusion  of  those 
conformations  in  which  any  two  (contact)  elements  k  and  H  occupy  a  common 
volume  in  space.  Thus,  must  assume  the  value  zero  in  any  chain  con¬ 

formation  in  which  elements  k  and  i  overlap  within  a  prescribed  element 
of  (excluded)  volume  p,  and  must  be  unity  otherwise.  Following  Fixman^ 
we  set 


in  which  B(rjj^)  is  a  three  dimensional  delta  function  of  the  vector 
separation  of  contact  elements  k  and  £.  The  procedure  cited**  leads  to 
the  following  expression  for  P(r^j),  the  analog  of  Eq.  (3)  for  a  chain 
model  with  excluded  volume 


The  assumption  of  gaussian  segments  in  the  chain  model  is  introduced 
primarily  for  the  purpose  of  mathematical  expediency  in  the  subsequent 
development.  The  same  result  ensues  if  the  chain  is  considered  to  be 
comprised  of  a  large  number  of  fixed-length  segments,  each  capable  of 
random  orientation  with  respect  to  its  neighbors. 

For  the  present  purpose  one  could  adopt  alternatively  a  simpler  model 
in  which  p  is  taken  to  be  proportional  to  a  volume  element  of  con¬ 
figurational  space  within  which  simultaneous  occupancy  by  two  or  more 
segment  vectors  is  excluded.  The  S- function  formulation  of  Eq.  (4), 
however,  embodies  the  mathematical  features  essential  in  any  of  a  number 
of  segment- segment  potential  functions  whose  characteristics  need  not 
be  further  specified. 
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P(r.  .)dr 


P°(r.  .) 


nn  a 


k  >  i 


(5) 


=  P°(r..) 


k  >  ^ 


S(£k^)  +  0(P^') 


dr 


In  the  above  equation  the  summations  extend  over  all  possible  choices 
of  contact  pairs. 

The  mean  square  separation  of  chain  elements  i  and  j  is  defined 
through  the  general  relationship 


<  rt .  >  = 

ij 


.  P(r.  .)dr.  ...  dr 

n  _ 


. . . /  P(r .  .)dr .  . 
/  ~i j  ~i 


dr 


(6) 


Substitution  for  P(rij)  in  accordance  with  Eq.  (5) followed  by  division 
of  the  resulting  power  series,  leads  to  the  expression 


2  2 

<r.>  =  <r:.>  -  p 

ij  XJ  -O  4_L/ 

k  > 


2 

r.  . 

ij 


<  rt .  >. 

1  j  o 


+  0(p2) 


in  which  the  subscript  zero  on  <  r^j  >  denotes  the  random  flight  value. 
The  required  integrations  over  spatial  coordinates  may  be  carried  out  in 
a  systematic  fashion  appropriate  for  any  particular  branched  structure  of 
interest.  The  general  result  may  be  more  elegantly  expressed,  however, 
through  application  of  the  Wang-Whlenbeck-Fixman  Theorem^.  Through  this 
procedure,  Eq.  (6a)  in  a  form  suitable  for  any  branched  structure  becomes 


<  >  =  <  r^.  >  +  (3/2nb^)^/Vp 

ij  ij  o 


k  >  ^ 


(6b) 


where  Ci  is  the  number  of  chain  elements  in  the  closed  sequence  formed  by 
contact  between  segments  k  and  i,  and,  Cg  is  the  number  of  elements  com¬ 
mon  to  this  sequence  and  to  the  contiguous  set  of  elements  connecting 
segments  i  and  j . 


(6a) 
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Summation  of  Eq.  (6b)  over  all  segment  pairs  i  and  j  in 
accordance  with  the  general  defining  relation  for  the  mean  square  radius 


<  s^  >  =  (l/n^)  ^  ^ij  ^ 

j  >  i 


(7) 


generates  the  desired  expression  for  <  s^  >  as  a  power  series  in  the 
excluded  volume  p.  Formal  division  of  the  series  by  <  >  the  appro¬ 

priate  value  of  the  unperturbed  mean  square  radius  for  the  particular 
branched  structure  considered,  provides  the  alternative  series  expres¬ 
sion  for  cF  in  terms  of  the  parameter  z  given  earlier  in  Eqs.  (1)  and 
(2).  The  single-contact  coefficient  ai  appearing  in  Eq.  (1)  may  be 
explicitly  expressed  in  terms  of  the  present  formalism  and  becomes 


a,  =  (6/gnVb  ^  ^  ^  ^  (C^/cf )  (8) 

j  >  i  k  >  £ 

In  this  representation,  the  unperturbed  radius  of  the  molecule  enters  as 
a  function  of  g,  the  ratio  of  the  mean  square  radius  of  the  random  flight 
branched  chain  to  that  for  its  linear  counterpart  containing  the  same 
total  number  of  segments.  The  latter  is  given  by  the  familiar  expression, 
nb^/e . 


2.  Configuration  classes.  In  the  sections  following,  the 
evaluation  of  the  coefficient  ai  appearing  in  Eq.  (1)  and  defined  by 
Eq.  (8)  will  be  described  -for  star  and  comb-branched  structures.  In 
each  case  the  disposition  of  the  four  chain  elements  i,j  (vector)  and 
k,£  (contact)  involved  in  the  latter  relationship  may  be  conveniently 
divided  into  three  general  classifications.  The  required  summations 
over  the  indices  appropriate  to  each  class  are  readily  formulated.  For 
long  chains,  these  may  be  satisfactorily  approximated  by  elementary 
integrals  which  are  easily  evaluated.  The  structural  classifications, 
together  with  the  results  of  the  integrations,  designated  by  the  symbol 
r  with  subscript,  are  listed  below. 

I  Linear  chain  -  the  four  segments  i,  j,  k  and  £  are  all  members 
of  a  common  linear  sequence  of  chain  elements  of  total  length  x 
elements.  Summation  over  all  permissible  permutations  of  the 
index  segments  required  by  Eq.  (8)  yields 


r^(x)  =  IJU  (C2/Cp)di  dj  dk  d^  =  (67/315)  x^/^  (9) 
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a  result  obtained  previously  by  Fixman^  in  his  treatment  of  the 
linear  molecule. 

II  Single  trifunctional  branch  point — the  four  segments  are 

distributed  among  three  linear  sequences,  of  lengths  yi,  ys 
and  ys,  which  are  jointed  together  at  a  common  point.  Each 
sequence  contains  at  least  one  of  the  index  segments.  All 
possible  dispositions  of  the  index  segments  consistent  with 
the  foregoing  definition  are  to  be  considered.  The  appropriate 
contribution  to  Eq.  (8)  is 


rii(yi,y2,y3)  =  (4/45)[h(y^,y2,y3)  +  h(y2,y3,yp 

+  h(y3,yi,y2) ]  (10) 


where 


h(A,u,v)  =  A(p  +  [29(p^  +  v^)  +  72(p^v  +  pv^)] 


^V2 


29A  '  ([1  +  v)  ”  80A  ^  [IV 


3/2 


(11) 


III  Double  trifunctional  branch  points  -  each  of  the  four  index 

segments  is  a  member  of  one  of  four  linear  sequences  which  are 
joined  together  through  a  fifth  linear  sequence,  as  shown  in 
Fig.  1.  Consideration  of  all  permissible  arrangements  for  this 
class  leads  to  the  expression 


riii(yi,y2,x,y3,y^)  =  (4/3  x^[y2y^q(y^,y3) 

+  y2t3q(yi’y4)  +  yiy4i(y2’y3^ 

+  y]^y3q(y2>y4)^ 

where  the  function  q  is  defined  by 


q(A,p) 


-1/2  _ 

=  X  '  “ 


(A  +  x)"^/^  -  (p  +  +  (A  +  p  +  x)'^/^ 


(13) 
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Figure  1  A  Class  III  Configuration 


The  foregoing  analytical  expressions*  for  the  r  terms,  properly 
combined,  suffice  (together  with  g)  to  establish  values  of  ai  for  any 
branched  structure**,  and  in  particular,  for  those  considered  in  the 
present  treatment.  For  star  molecules  the  terms  Tj  and  rji  alone  need 
be  utilized;  for  comb  molecules,  all  three  are  required. 


C.  Computations  for  Model  Structures 

1.  Regular  star  molecules.  The  star  model  considered  con¬ 
tains  a  total  of  n  =  py  segments  distributed  among  p  identical,  linear 
branches  joined  through  one  end  at  a  common  junction. 

Resolution  of  the  various  contact  cases  is  greatly  facilitated 
by  symmetry  considerations.  Thus,  there  are  a  total  of  (2)  combinations 
of  pairs  of  branches,  each  of  which  contributes  a  single  term  of  class  I 
in  which  x  assumes  the  value  2y.  In  this  enumeration  process,  however, 
there  occur  p(p-l)  identical  configurations  of  class  I  involving  single 
branches  (with  x  equal  to  y)  of  which  only  p  ate  required,  hence, 
p(p-l)  -  p  =  p(p-2)  must  be  subtracted.  Finally,  there  are  (3)  configura¬ 
tions  of  class  II  involving  three  branches  (with  yi  =  ya  =  Ys  =  y)  • 
accordance  with  Eq.  (8),  ai  for  these  structures  thus  becomes 

*It  may  be  appreciated  from  the  definitions  of  the  variables  and  Cq 
appearing  in  Eq.  (8)  that  a  configurational  class  involving  a  tetra- 
functional  branch  point  (each  arm  of  the  star  shaped  structure  containing 
one  of  the  four  index  segments)  makes  no  contribution  in  the  evaluation 
of  the  coefficient  ai . 

**Molecules  containing  rings  or  closed  loops  are  specifically  excluded. 
These  may  be  treated  through  an  analogous  procedure. 


(14) 


=  (6/gp^/V/^)[(p  Tj  (2y)  - 

p(p-2)  r^(y)  +  (p  (y,y.y)] 


Insertion  of  the  T  values  given  by  Eqs.  (9)  and  (10),  together  with  the 
general  expression  for  g  for  regular  star  molecules 


g  -  3/p  -  2/p^ 


(15) 


yields  the  final  result 

=  3[p^/^(3p-2)]"^[(p-l)A^  -  2(p-2)A2 

+  2(p-1)(p-2)A3]  (16) 

where 

=  2^/^67/315) 

=  (2/45  (101  -  138) 

Note  that  for  p  equal  to  either  one  or  two  (linear  molecule),  Eq.  (16) 
reduces  to  the  familiar  value  134/105. 

2.  Regular  comb  molecules.  The  present  calculations  for  comb- 
branched  molecules  have  been  applied  to  a  convenient  structural  class 
which  differs  slightly  from  its  counterpart  of  Paper  II.  As  before,  the 
generic  molecule  consists  of  a  linear  backbone  to  which  identical  linear 
side  chains  of  length  y  segments  are  attached  at  regularly  spaced  intervals 
along  the  main  chain.  The  end  branches  in  this  model,  however,  are 
symmetrically  disposed  with  respect  to  the  termini  of  the  backbone,  as 
shown  in  Fig.  2.  The  regular  comb  structure  is  completely  specified  for 
the  present  purposes  through  assigned  values  of  p,  the  number  of  branches 
attached,  and  r,  the  ratio  of  the  number  of  segments  in  one  branch  to 
that  in  one  section  of  backbone  between  adjacent  branch  points.^  The 
total  number  of  segments  in  the  molecule  may  be  expressed  as  n  (y/r) 

(pr  +  p  +  l)  . 

The  various  single  contact  configurations  involving  the  index 
segments  i,  j,  k  and  Jl  must  be  taken  into  account  in  application  of 
Eq.  (8)  can  be  systematically  enumerated.  Again,  the  symmetry  charac¬ 
teristics  of  the  molecule  can  be  exploited,  thus  greatly  simplifying  t  e 
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sub sBcjuBnt  computcit ions  •  Tbs  ovon all  troatinBnt  ^  a  1  though  much  mot 6 
elaborate,  does  not  differ  in  principle  from  that  outlined  for  star 
structures . 

It  is  convenient  to  group  the  various  configurations  for  comb 
structures  according  to  locations  of  the  index  segments  which  collectively 
invo Ive : 


1  -  at  most  one  side  chain 

2  exactly  two  side  chains 

3  -  exactly  three  side  chains 

4  -  exactly  four  side  chains 

In  cases  1-3  above,  the  linear  backbone  of  the  molecule  may  or  may  not 
also  be  involved  as  a  designated  site  for  one  or  more  index  segments. 

In  terms  of  the  general  comp artmentalizat ion  of  molecular  sub-units 
defined  earlier  (classes  I-IIl),  non-zero  contributions  to  Eq.  (8) 
arising  from  the  four  groups  above  may  be  identified  as  follows:  group  1: 
class  I  or  II;  group  2:  class  I,  II  or  III;  group  3:  class  II  or  III; 
group  4:  class  III. 

Resolution  of  the  various  structural  components  may  be  illus¬ 
trated  through  detailed  consideration  of  the  comb  molecule  containing 
two  branches.  The  appropriate  structural  components  are  depicted  in 
Table  I,  together  with  the  various  contributions  to  the  double  sum  of 
Eq.  (8)  derived  therefrom. 

The  final,  general  result  for  the  coefficient  ai  of  Eq.  (1) 
for  regular  comb  molecules  is  expressed  through  the  relation 

4 

=  (6/g)(pr  +  p  +  1)  (17) 

v  =  l 


in  which  the  quantities  S  are  defined  by  the  following  equations: 


r^(p+l)  -  pr^(r)  +  |2r^(u+r  -  2rj(u)  +  r^^(u,r,p+l-u)J 

U=1 


p-i 

u=l 


r  (2r+p-u)  -  2r  (r+p-u)  +  E  (p-u) 


(18) 
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Table  I 


Schematic  representation  of  structural  components  (see  Fig.  2) 
and  associated  F  terms  for  a  comb  molecule,  p  =  2. 


group  I 

I  1 

{  I 

2( _ _ )-2( _ l.A-J 

2  - ) 

2(IIj _ ^ — ) 

ri(3y/r) 

2ri(y/r+y)-2ri(y/r) 

2ri(2y/r  +  y) -2  ri(y) -2  Ti  (2y/r) 

2rn(y/r,y,  2y/r) 


group  2 


2(  I  I . 

I  I _ 


)-2( _ I _ 


ri(y/r  +  2y)-2ri(y/r+y)  +  TiCy/r) 
2rii(y/r,  y,y/r+y)-2  rii(y/r,y,  y/r) 
r]ii(y/r,y,y/r,y,y/r) 


group  3, 4 
None 
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p-1  p 


2rj^(u,r,r+v-u)  -  2?^^ (u, r ,v-u) 


u=l  v=u+l 


+  rjjj(u,r,v-u,r,p+l-v) 


(19) 


p-2  p-1  p  ■ 

=n  I 

u=l  v=u+l  w=v+l 


r j j (r+v-u , r , r+w- v) 


-  2r^T(v-u,r,r+w-v)  +  rj.j(v-u,r,w-v) 


II 


+  2rj^j(u,r,v-u,r,r+w-v) 


2r^^^(u,r,v-u,r,w-v) 


p^  P-2  P-1 

lE  I 

t=l  u=t+l  v=u+l  w=v+l 


(20) 


Pm  (r+u- 1 ,  r ,  v-u,  r ,  r-Hj- v) 


-  2rjjj(u-t,r,v-u,r,r4w-v) 


+  r^jj(u-t,r,v-u,r,w-v) 


(21) 


For  these  comb  structures  the  parameter  g  appearing  in  Eq.  (l7)  takes  the 


form*'' 


=  [p(r+l)  +  1]"^  [(p(3p-2)r^  +  p(p+l) (p+2)r^  + 


p(2p+l)(p+l)r  +  (p+l)' 


(22) 


*In  terms  of  gj  the  comb-branched  molecules  of  this  work  differ  insignifi¬ 
cantly  from  those  at  equivalent  p  and  r  (i.e.,  py/x)  treated  in  Paper  II, 
provided  that  p  is  greater  than  about  five.  In  like  manner,  a]_  values 
for  the  two  generic  structures  should  be  almost  identical  for  all  but 
the  simplier  members  of  the  series. 
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Several  limiting  forms  of  Eq.  (17)  and  associated  quantities 
are  readily  ascertainable  and  serve  as  a  partial  check  on  the  accuracy 
of  the  general  result.  For  p  =  0,  all  of  the  S  terms  vanish,  except  for 
the  first  memberof  Eq.  (18).  The  latter,  in  accordance  with  the  appro¬ 
priate,  degenerate  form  of  Eq.  (17),  gives  rise  to  the  familiar  ai  value 
for  the  linear  chain.  Similarly,  for  r  =  0  the  result  for  the  linear 
chain  is  obtained,  in  this  case  through  identical  cancellation  of  all  Tj 
terms  except,  again,  the  first  member  of  S^.  It  can  also  be  shown,  with 
a  bit  more  effort,  that  Eq.  (17)  yields  the  correct,  general  result  for 
regular  star  molecules  (Eq.  (16))  upon  stipulation  that  the  ratio  r/p 
be  very  much  greater  than  unity.  Finally,  we  have  compared  several 
additional  limiting  cases  from  Eq.  (17)  with  expressions  for  ai  derived 
from  independent  calculations  relevant  to  certain  elementary  members  of 
the  comb  structures. 

3.  Numerical  results .  Selected  numerical  values  of  the  inter¬ 
action  coefficient  ai  computed  from  Eqs.  (16)  and  (17)  for  star  and  comb 
molecules,  respectively,  are  listed  in  Tables  II  and  III.  Included  also 
are  corresponding  entries  for  the  branching  parameter  g  as  calculated 
from  Eqs.  (15)  and  (22).  Most  of  the  values  listed  were  obtained  with 
the  aid  of  an  IBM  704  computer*,  the  use  of  which  was  indispensable  in 
the  protracted  calculations  of  ai  for  comb  structures.  In  all  cases, 
suitable  Fortran  programs  for  the  necessary  operations  were  devised. 
Numerical  results  provided  by  the  computer  were  checked  in  a  variety  of 
ways  in  order  to  insure  that  proper  translation  of  the  required  algebraic 
manipulations  into  machine  instructions  had  been  effected. 

The  general  relation  of  ai  to  structural  characteristics  of  the 
branched  chains  is  shown  graphically  in  Figs.  3,  4  and  5  in  which  the 
interaction  coefficient  is  plotted  versus  p,  r  and  1-g,  respectively. 
Constructions  of  this  kind  may  also  be  useful  in  arriving  at  approximate, 
extrapolated  values  of  ai  in  accordance  with  the  suggestions  following. 

For  comb  molecules  it  can  be  shown  that  a^  approaches  the 
asymptotic  form 


lim  a^  =  (134/105) (1  +  r)^/^  (23) 

r  ^  0 
P  ->  00 


Thus,  in  analogy  with  the  linear  chain,  ai  for  a  comb  structure  characterized 
by  a  sufficiently  small  value  of  r  approaches  a  numerical  limit  which  is 


The  total  array  of  values  for  which  machine  calculations  were  carried 
out  consists  of  the  following;  star  molecules — all  integer  p  <  50: 
comb  molecules--all  combinations  of  integer  p  1  to  10  with  r  values 
O.Ol,  0.05,  0,1,  0.2,  0.3,  0.4,  0.5,  0.6,  0.8,  0.9,  1,  2,  3,  5,  7,  10, 
15,  2  ,  5  ,  1  and  999;  all  combinations  of  integer  p  11  to  25  with 
r  values  0.2,  0.5,  1,  2,  5,  10,  20  and  50.  Copies  of  these  results 
are  available  to  interested  persons  upon  request. 
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Table  II 


Values  and  for  Regular  Star  Molecule 


p 

^1 

_S _ 

_Ju - 

1,2 

1.2762 

1.0000 

3 

1.2983 

0.7778 

4 

1.3421® 

0.6250 

5 

1.3940 

0.5200 

6 

1 . 4488 

0.4444 

8 

1.5594 

0.3438 

12 

1.7702 

0.2361 

1/2 

-»  00 

0.4298  p 

0 

^  A  lower  value  (1.12)  for  cruciform  star  molecules  was  obtained  earlier 
by  Fixman^.  His  apparently  erroneous  procedure  differs  from  that 
employed  here  in  the  manner  in  which  our  Eq.  (6b)  is  applied  to 
specific  branched  structures. 
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Table  III 


Values  of  and  for  Regular  Comb  Molecules 


a., 

p 

r 

1 

g 

* 

1 

0.5 

1.3144 

0.8080 

2 

1.3155 

0.8125 

2 

0.5 

1.3966 

0.7656 

1 

1.3858 

0.7120 

2 

1.3858 

0.7201 

5 

1.3930 

0.8088 

3 

0.5 

1.4574 

0.7431 

1 

1.4552 

0.6676 

2 

1.4318 

0.6400 

5 

1.4060 

0.6720 

4 

0.5 

1.5068 

0.7289 

1 

1.5223 

0.6379 

2 

1.4922 

0.5849 

5 

1.4383 

0.5776 

5 

0.5 

1.5485 

0.7191 

1 

1.5865 

0.6168 

2 

1.5626 

0.5459 

5 

1.4880 

0.5116 

10 

0.5 

1.6893 

0.6960 

1 

1.8486 

0.5659 

5 

1.8886 

0.3563 

10 

1.7745 

0.3193 

15 

0.5 

1.7733 

0.6871 

1 

2.0319 

0.5458 

5 

2.3916 

0.2972 

10 

2.2599 

0.2474 

20 

0.5 

1.8307 

0.6823 

1 

2.1668 

0.5351 

5 

2.9052 

0.2661 

10 

2.8378 

0.2099 

20 

2.5709 

0.1786 

25 

0.5 

1.8732 

0.6793 

1 

2.2712 

0.5285 

10 

3.4644 

0.1869 

20 

3.1625 

0.1532 

15 


Figure  3  Plots  of  ai  versus  p  for  regular  star  molecules  (dashed  curve) 

and  for  regular  comb  molecules  at  various  r  values.  Dashed  lines 
denote  asymptotic  limits  of  a^  for  comb  structures  as  p  ^  oo 
(see  text). 
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Figure  4  Plots  of  ai  versus  r  for  various  p-functional  regular  comb 

molecules.  Dashed  lines  denote  asymptotic  limits  (a^^  for  star 
structures  at  corresponding  p). 


Figure  5 


Plots  of  a-i  versus  1-g  for  star  molecules  and  for  cccnb  molecules 
with  various  r  and  p  values.  Solid  portions  of  the  family  of 
curves  for  the  latter  denote  the  range  of  values  computed  in  this 
work.  The  left-hand  boundary  curve  describes  a  plot  of  limiting 
a and  1-g  values  for  p  oo  at  fixed  r  (see  text). 
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independent  of  the  length  (~  p)  of  the  backbone  chain.  It  is  apparent 
from  analysis  of  our  tabular  data  that  the  foregoing  expression  approxi¬ 
mates  ai  to  within  a  few  percent  for  values  of  the  ratio  p/r  greater  than 
about  300.  The  dashed  lines  in  Fig.  3  represent  values  of  ai  computed 
in  accordance  with  Eq.  (23)  for  the  r  values  denoted.  These  limits 
should  serve  as  a  useful  index  in  extrapolation  of  such  curves  beyond 
values  of  p  here  considered.  An  analogous  construction,  also  useful  for 
extrapolation  purposes,  is  employed  in  Fig.  5;  the  left-hand  boundary 
curve,  a  plot  of  the  expression  of  Eq.  (23)  versus  corresponding,  limiting 
values  of  1-g  at  p oo  (from  Eq.  (22)),  provides  the  upper  terminus  for 
each  member  of  the  r  family  of  comb  curves  shown. 

The  asymptotic  behavior  of  ai  for  comb  structures  as  r  approaches 
•large  values  at  given  p  is  shown  in  Fig.  4.  The  limiting  values  of  ai 
(for  star  structures,  Eq.  (16))  are  indicated  and,  again,  provide  a 
guide  for  graphical  extrapolation. 

4,  Discussion.  Examination  of  the  preceding  results  shows  that 
for  star  structures  containing  a  specified  total  number  n  of  segments,  the 
interaction  coefficient  ai  increases  smoothly  with  the  number  of  branches 
attached  This  trend  might  perhaps  have  been  anticipated,  in  view  of  the 
accompanying  increase  in  mean  segment  density  within  the  domain  of  the 
molecular  coil.  The  latter  quantity,  for  the  purpose  of  qualitative  dis¬ 
cussion,  may  be  considered  proportional  to  n/(<  Sq  >)®/  ,  in  turn,  pro¬ 
portional  to  g“®/^;  for  star  molecules  (see  Eq.  (15))  the  mean  density^ 
thus  varies  approximately  as  p^/^.  The  dependence  of  ai  on  chain  archi¬ 
tecture  for  comb  structures  is  considerably  more  complex,  but,  again, 
throughout  most  of  the  range  of  p  and  r  values,  increase  of  ai  with  mean 
coil  density  is  indicated.  Relative  comparisons  of  ai  values  between  the 
two  classes  of  structures,  however,  reveal  some  more  interesting  results: 
(l)  at  a  specific  value  of  g  (comparable  coil  densities)  star  structures 
exhibit  the  lowest  value  of  ai .  As  may  be  conveniently  ascertained  through 
Fig.  5,  the  maximum  value  (left-hand  boundary  curve)  is  exhibited  by  a 
comb  molecule  containing  many  branches  relatively  short  in  comparison  to 
the  length  of  the  backbone.  It  is  noteworthy  that  the  complete  (random 
flight)  density  profile  for  such  a  structure®  is  very  similar  to  that 
for  a  linear  chain  of  the  same  mean  square  radius j  (2)  at  fixed  p,  the 
maximum  value  of  ai,  again,  is  displayed  by  a  comb  molecule  (Fig.  4)-- 
throughout  the  range  of  p  and  r  values  investigated  here,  by  structures 
for  which  the  ratio  of  backbone  to  branch  length  is  approximately  three. 

In  these  instances  the  mean  coil  densities  (g  ®/^)  of  the  comb  molecule 
are  substantially  less  than  those  for  the  star  (see  Fig.  5). 

It  is  clear  from  the  above  observations  that  excluded  volume 
effects  in  the  relatively  tenuous  comb  structures  are  generally  more 
pronounced  than  those  exhibited  by  star  molecules.  The  distinction  is 
undoubtedly  attributable  to  the  much  greater  influence  of  interactions 
between  elements  remotely  situated  along  the  molecular  chain.  Although 
segment  contacts  in  the  relatively  compact  star  structures  may  occur 
more  frequently  (that  is,  in  comparison  with  the  comb  molecule,  may 
^qf^fnate  a  larger  fraction  of  random  flight  conformations)  they  are 
generally  less  effective  in  augmenting  molecular  dimensions. 
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D.  Application  to  Experiment 

In  the  preceding  section  we  have  described  for  two  particular 
classes  of  branched  molecules  the  detailed  computation  of  the  coefficient 
ai  appearing  in  the  series  expression  (1)  for  the  molecular  expansion 
factor.  Although  a  knowledge  of  the  linear  term  in  this  series  provides 
a  useful,  qualitative  guide  to  the  effects  of  chain  branching,  the 
resulting,  partial  expression  for  is  restricted  to  a  very  small  range 
of  net  polymer-solvent  interactions;  consequently,  it  is  of  limited  utility 
in  direct  analyses  of  experimental  data.  Moreover,  the  evaluation  of  as 
and  higher  coefficients,  for  any  chain  structure,  constitutes  a  progressively 
formidable  undertaking.  The  results  of  calculations  such  as  those  pro¬ 
vided  in  the  present  treatment  do,  however,  through  various  indirect 
routes,  find  important  application  to  observable,  experimental  systems. 

Some  of  these  are  exemplified  below. 

1.  Relationship  between  coil  expansion  and  second  virial 
coefficient.  Perhaps  the  most  significant  relationship  derivable  from 
Eq.  (1)  results  by  combination  of  this  series  with  the  analogous  development 
for  the  second  virial  coefficient'^  V2 

-  P(N^n^/2M)(l  +  b^z  +  +  ...)  (24) 

where  is  Avogadro's  number,  M  is  polymer  molecular  weight,  bi  is  a 
constant  and  the  remaining  symbols  have  the  same  identity  as  in  Eqs.  (1) 
and  (2) .  A  common  molecular  model  is  employed  in  both  the  treatments  of 
Eq.  (1)  and  Eq.  (24) .  Accordingly,  the  interaction  parameter  z  may  be 
eliminated^  to  yield  the  combined  series  from 


r  =  (4:t^/\/ap[«  s^  »^/VM][(a^-l)  + 


2  2  2  3 

C^(a  -1)  +  0(a  -1)  ] 


(25) 


where 

Cf  =  (^1^1  ” 

The  foregoing  variant  of  Eq.  (1),  in  addition  to  its  freedom  from  somewhat 
arbitrary  chain  parameters,  affords  another  advantage  in  that  it  appears 
to  doscxTibo  ad-oquatoly  exp6rim.0nta.l  data,  ovor  a  groator  range  of  polymer*" 
solvent  interaction  than  does  either  of  its  component  series  expressions. 
According  to  this  relationship,  a  plot  of  Fa  versus  1  should  define 

a  smooth  curve,  the  limiting  tangent  to  which  at  T  =  ©/(a  =  1)  provides  a 
direct  measure  of  absolute  coil  dimensions.  Since  it  is  often  possible 
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to  estimate  values  of  with  sufficient  precision  from  ratios  of  intrinsic 
viscosities,  Eq.  (25),  with  an  appropriate  value  of  ai,  may  be  employed®* 
in  the  assessment  of  coil  dimensions  in  a  system  where  polymer  molecular 
weight  is  too  low  to  permit  evaluation  of  <  s^  >  by  conventional  means 
(e.g.,  light  scattering  dissymmetry). 

2.  Approximate  theories .  A  requirement  that  one  might  wish 
to  impose  in  tests  of  approximate  theories  relating  o!  to  polymer- solvent 
interaction  (z)  over  a  wide  range  of  the  latter,  is  that  in  the  limit  as 
a  approaches  unity  the  particular  expression  reduce  to  the  appropriate 
series  expansion  Eq.  (1) . 

Recent  generalizations'®*^^  of  Flory' s^^  treatment  of  a.  for  the 
linear  molecule  lead  to  expressions  for  branched  polymers  of  the  form 


0^  -  =  CK^z  (27) 

where  K  is  equal  to  g"®/^  and  C  is  a  numerical  constant.  The  latter  can 
be  assigned  the  value  134/105  in  order  that  the  relationship,  when  applied 
to  the  linear  molecule  (g=l) ,  fit  the  first  order  perturbation  treatment 
expressed  by  Eq.  (1).  Equivalently,  the  procedure  described  equates  the 
product  CK^  with  ai  for  the  linear  case  and  implies  that  ai  for  branched 
structures  is  adequately  approximated  by  (134/105) g"®/^.  It  is  interesting 
to  observe  that  this  formulation  is,  in  fact,  a  valid  representation  of  &i 
for  long  chain  comb  molecules  containing  short  branches:  combination  of 
the  expression  for  ai  given  in  Eq.  (23)  with  the  corresponding  asymptotic 
form  for  g,  derivable  from  Eq.  (22),  yields  the  desired  result.  The 
observed  coincidence  of  limiting  forms  for  ai  in  this  instance  is  quite 
reasonable.  As  pointed  out  earlier,  the  segment  density  distributions 
for  elongated  comb  molecules  resemble  closely*  that  for  the  linear  chain-- 
a  similarity  explicitly  assumed  in  derivations  leading  to  Eq.  (27).  It 
is  apparent  from  inspection  of  Fig.  5,  however,  that  the  foregoing 
designation  of  K^,  applied  to  more  compact  branched  structures,  cannot 
rigorously  describe  the  relationship  of  a  to  z  over  a  wide  range  of 
polymer -solvent  interactions  which  include  0  conditions. 

An  alternative  way  in  which  a  relation  of  the  form  Eq.  (27) 
could  be  adapted  to  the  representation  of  a  for  branched  molecules  is 
through  the  explicit  stipulation  that  the  product  CK^  equal  ai .  In 
applications  to  any  chain  structure,  compliance  with  the  first-order 
perturbation  treatment  would  thus  be  assured.  The  suitability  of  the 
resulting  expression  for  G  at  large  values  of  z,  however,  is  difficult 
to  assess.  In  some  recent  studies  this  kind  of  relationship  has  proved 


*0ne  might  in  general  expect  a  close  similarity  in  solution  properties 
displayed  by  an  elongated  comb  molecule  containing  short  branches  and 
a  chemically  identical,  linear  molecule  of  comparable  radius,  the 
former  approximated  by  the  latter  with  an  augmented  excluded  volume 
per  chain  segment . 
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useful  in  the  comprehensive  description  of  the  solution  properties  of 
linear  chains^^,  and,  somewhat  less  satisfactorily,  in  analysis  of  data 
on  comb  molecules^  • 

Finally,  in  all  applications  to  experimental  data  that  are 
pertinent  to  theoretical  calculations  of  the  kind  presented  here,  one 
should  bear  clearly  in  mind  the  marked  differences  between  the  model  chain 
and  the  real  polymer  immersed  in  a  solvent  environment.  Parameters 
characterizing  the  former  can,  of  course,  be  unambiguously  ascertained 
through  appropriate  phenomenological  studies  on  a  particular  polymer- 
solvent  pair.  It  cannot  be  assumed  unquestionably,  however,  that,  for 
example,  a  series  of  diverse  branched  structures  of  the  same  chemical 
composition,  dissolved  in  the  same  solvent,  relate  to  their  respective 
model  chain  counterparts  by  means  of  the  same  value  for  the  statistical 
segment  length  b  (or  volume,  p) .  There  are,  in  fact,  indications  from 
experiment®  that  effects  of  molecular  architecture  may  extend  over  linear 
chain  sequences  of  appreciable  length.  The  foregoing  and  related  diffi¬ 
culties  at  least  are  amenable  to  experimental  test  and,  accordingly,  can 
properly  be  taken  into  account  in' interpretations  of  experimental  data. 


22 


II.  Temperature  Dependence  of  the  Unperturbed  Dimensions  of  Polystyrene 
T.  A.  Orofino  and  A.  Ciferri* 


A.  Introduction 

The  average  dimensions  of  a  polymer  molecule  at  a  given 
temperature  depend  upon  the  thermodynamic  and  geometric  adaptation  of 
the  individual  segments  to  the  environment  provided  by  other  parts  of 
the  chain  and  the  external  medium  in  which  the  molecule  is  immersed 
It  is  constructive  to  associate  the  temperature  coefficient  of  the 
polymer  chain  dimensions  with  the  separate^^  phenomena:  (1)  the  excluded 
volume  effect,  namely,  augmentation  of  coil  size,  relative  to  the 
unperturbed  state,  arising  from  interactions  between  chain  elements 
remote  from  one  another  in  contiguous  sequence  along  the  chain;  and 
(2)  the  temperature  dependent  effect  of  localized  segment  interactions 
on  the  unperturbed  chain  dimensions.  Several  procedures  have  been 
suggested  and  utilized  in  evaluation  of  the  latter  effect,  which  is  of 
great  interest  in  connection  with  the  study  of  internal  bond  rotations 
in  polymer  chains.  Values  of  the  thermal  coefficient  din  rg/dT,  where 
r^  is  the  mean  square  separation  of  the  ends  of  the  chain,  have  thus 
been  obtained  for  a  number  of  polymers,  either  directly,  through  suitable 
studies  on  the  unperturbed  molecule  (a)  in  bulk  or  (b)  in  0- solution, 
or  indirectly,  from  (c)  appropriate  solution  measurements  of  chain 
dimensions  for  which  the  excluded  volume  contribution  (1)  has  been 
separately  estimated. 

Recent  reviews^'^ ’ of  published  values  for  din  r^/dT  reveal 
that  although  satisfactory  agreement  between  results  obtained  using 
methods  (a)  and  (c)  has  been  demonstrated  for  at  least  two  polymer 
systems,  in  general  there  appear  to  be  significant  inconsistencies 
among  the  various  data  which  call  for  a  more  detailed  analysis  of  the 
entire  problem. 

In  the  present  communication, values  of  din  r^/dT  for  atatic 
polystyrene,  arrived  at  through  independent  studies  of  the  tension- 
temperature  relationship  for  a  cross-linked  polymer  sample  (method  (a)), 
and  through  0-solvent  intrinsic  viscosity  measurements  on  the  related 
linear  material  (method  (b)),  are  reported.  To  the  extent  that  the 
undiluted  bulk  polymer  and  its  constituent  linear  chains  immersed  in 
0 -media  satisfactorily  approximate  a  common,  unperturbed  state  of  the 
molecule,  both  sets  of  measurements  may  be  considered  to  reflect  directly 
changes  in  r^  with  temperature.  Recourse  to  dilute  solution  theory 
for  independent  evaluation  of  the  excluded  volume  effect,  required  in 
method  (c) ,  is  thus  avoided.  In  addition,  an  effort  has  been  made  to 
circumvent  a  fundamental  difficulty  in  method  (b)  which  has  not,  so  ^  I6_i9 
f ,  received  adequate  consideration.  It  has  been  amply  demonstrated  ’ 
that  unperturbed  dimensions  in  dilute  solution  may_reflect  significant 
specific  solvent  effects  and,  therefore,  that  din  r§/dT  values  obtained 
by  comparing  coil  dimensions  of  a  given  polymer  in  different  0-solvents 
could  lead  to  serious  error.  The  likelihood  of  this  complication  has 
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been  minimized  in  the  present  study  through  selection  of  polymer- solvent 
systems  for  which  the  relative  influence  of  specific  effects  may  be 
presumed  quite  small. 

In  addition  to  the  results  of  the  experimental  investigations 
outlined  above,  some  indirect  calculations  of  din  rf/dT  from  literature 
data  on  polystyrene- solvent  systems  at  T  >  0  are  presented  and  discussed. 


B.  Experimental 

1.  Tens ion- temperature  studies.  The  polymer  network  utilized 
in  this  work  was  obtained  by  high-conver sion  bulk  copolymerization  of 
styrene  and  divinylbenzene .  Soluble  material  extracted  after  prolonged 
swelling  in  benzene  did  not  exceed  5  percent  of  the  gel.  A  tension- 
temperature  analysis  at  six  points  in  the  range  120-175  C  was  carried 
out  with  the  unswollen  polymer  according  to  a  technique  described  in 
detail  elsewhere^®.  The  sample  was  stretched  to  the  desired  elonga¬ 
tion  CC  at  the  highest  experimental  temperature  and  allowed  to  relax 
until  the  tension  f  appeared  constant.  The  temperature  was  then 
lowered  and  constant  tension  re-established.  The  procedure  was  repeated 
throughout  a  complete  temperature  cycle.  No  hysteresis  was  observed. 
Tension-temperature  relationships  established  at  three  sample  elonga¬ 
tions  are  shown  in  Fig.  6.  (Values  for  f  have  not  been  referred  to 

the  initial  cross-sectional  area  of  the  sample,  which  was  of  the  order 
15  X  10"^  cm^.)  Pertinent  numerical  data  are  included  in  Table  IV. 

2.  Intrinsic  viscosity  studies.  Solution_viscosities  of  an 
anionically  polymerized,  linear  polystyrene  sample  =  4.06  x  10^)  in 
the  solvents  1-chloro-n-decane,  1-chloro-n-undecane  and  1-chloro-n- 
dodecane,  at  four  temperatures  in  the  vicinity  of  each  of  the  respective 
0 -points,  were  determined.  The  data  for  the  chloroundecane  system  and  a 
description  of  the  experimental  technique  employed  have  been  presented 
elsewhere^.  An  analogous  investigation  was  carried  out  for  the  other  two 
solvent  systems  (see  Section  IV,  below). 

The  ©-temperatures  for  the  polymer- solvent  pairs  were  first 
estimated  from  precipitation  studies.  As  described  in  detail  for  the 
chloroundecane  system,  accurate  values  of  0  were  then  established 
through  light  scattering  virial  coefficient  (Fa) "temperature  measure- 
^0^ts  above  and  below  0 ,  taking  as  the  operational  definition  of  the 
latter  parameter  the  temperature  at  which  Fs  vanishes. 

In  Fig.  7  are  plotted  the  observed  intrinsic  viscosity  values 
[q]  versus  temperature  for  the  three-polymer-solvent  systems.  The  trend 
of  [q]©  with  0 -temperature  is  indicated  by  the  dashed  line. 

Numerical  values  assigned  to  0  and  [q]0,  together  with  the 
Huggins  constants  kg  and  characterization  data  for  the  solvents,  are 
compiled  in  Table  V. 
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Characterization  Data  for  Polys tvrene-0-solvent  Systems 
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C.  Treatment  of  Data  -  Results 


1.  Tension- temperature  studies .  The  variation  of  the  unper¬ 
turbed  end-to-end  distance  with  temperature  may  be  determined  from  the 
data  and  constructions  of  Fig.  7  in  accordance  with  the  relat ionship^*^^^^ 


din  rVdT  =  1/T  -  (l/f)(af^T)  -  p/(af  -  1)  (28) 

=  -  [5ln(f/T)/^T]  -  p/(a^  -  1) 

P  3  Li  e 


where  P  is  the  coefficient  of  cubical  expansion  for  the  polymer,  taken^^’^^ 
as  5.85  X  10“^  deg."^.  Intermediate  data  necessary  for  the  calculation 
are  compiled  in  Table  IV,  together  with  the  final  results  in  the  last 
column.  A  positive  value,  (0.4  +  0.2)  x  10"®,  is  found  for  the  coefficient 
din  r^/dT.  This  result  may  be  considered  compatible  with  the  small  value 
for  din  ro/dT  indicated  in  Tobolsky's  earlier  study^^  of  polystyrene 
networks . 


2.  Intrinsic  viscosity  studies.  According  to  the  Flory-Fox 
theory^^,  the  intrinsic  viscosity  of  a  linear  polymer  in  a  ©-solvent  is 
given  by  the  relationship 


[tiIq  =  $(r§/M)^/V/^  (29) 

where  M  is  polymer  molecular  weight  and  1)  is  a  constant.  In  general, 
the  unperturbed  dimension  rf  appearing  in  the  above  equation  must  be 
considered  to  depend  upon  both  the  temperature  and  the  specific  nature 
of  the  0 -medium  in  which  a  particular  polymer  (of  given  molecular  weight) 
is  dissolved.  In  view  of  the  close  structural  and  chemical  similarity 
of  the  0-media  selected  for  the  present  study,  the  effect  of  the  latter, 
relative  to  that  operative  with  any  given  member  of  the  solvent  series, 
may  be  presumed  small.  Accordingly,  to  a  first  approximation,  observed 
changes  in  [qlg  with  environment  may  be  attributed  exclusively  to  con¬ 
comitant  changes  in  (0)  temperature.  With  this  simplification,  an 
expression  for  the  thermal  coefficient  of  To  is  readily  obtained  through 
differentiation  of  Eq.  (29) .  The  result  is 

din  Tf/dT  =  (2/3) (din  [qlg/d©)  -  (2/3  [q]Q)(d  [qj^/de)  (30) 

The  slope  of  the  dashed  line  in  Fig.  7  provides  the  increment  d  [qJe/d©; 
we  calculate  from  Eq.  (30)  the  value  0.44  X  10“®  for  din  r^/dT,  in  good 
agreement  with  the  tens ion- temperature  results.  With  respect  to  account¬ 
able  uncertainties  in  the  experimental  data  involved,  the  precision  of 
the  former  value  is  estimated  at  +  0.2  x  10 
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Previous  s tudie s  based  upon  changes  in  [t] ]0  with  temperature 
in  various  0-solvents  have  yielded  zero^®,  or  negative^"^’ values  for 
din  "r^/ dT . 


D.  General  Treatment  for  Polymer- solvent  Systems 

Derivation  of  the  thermal  coefficient  of  r§  through  analysis 
of  intrinsic  viscosity  data  in  non- ideal  solvents,  otherwise  analogous 
to  that  outlined  above  for  0 -media,  entails,  in  addition,  the  evaluation 
of  the  excluded  volume  contribution  to  the  [ti]-T  relationship.  It  will 
be  of  interest  to  compare  the  results  of  such  calculations ,  extracted 
from  pertinent  literature  data,  with  the  value  of  din  ro/dT  arrived 
at  in  the  present  experimental  studies. 

Extension^^’^®’^®  of  Eq.  (29)  to  polymer- solvent  systems  at 
temperatures  T  0  leads  to  the  relationship 

[ti]t  =  (31) 


2 .4  <  p  <  3 


where  a  =  (r^/r§)i/®  denotes  the  expansion  of  the  end-to-end  distance 
relative  to  its  unperturbed  value  at  the  same  temperature  T*.  Dif¬ 
ferentiation  of  Eq.  (31)  leads  to  the  expression 

din  r^/ dT  =  (2/3)  (din  [ql/dT)  -  (2/3)  (p/o!)  (doi/dT)  (32) 


According  to  the  above  equation,  din  r§/dT  may  be  extracted  from 
readily  and  accurately  ascertainable  [qJ-T  data  on  any  polymer-solvent 
system  provided  that  «  and  da/dT  can  also  be  established.  The  contri¬ 
bution  of  the  second  term  in  Eq.  (32)  is  least  when  the  quantity  T  -  0  is 
greatest  and,  thus,  calculations  of  din  "^/dT  are  best  applied  to  data 
on  systems  which  are  far  above  their  0- temperatures  (very  good  solvents). 
Practically,  the  most  suitable  systems  are  those  for  which  [q]-T  can 
be  established  at  ordinary  temperatures  and  for  which  0  is  equal  to  zero 
(athermal  solvents)®®’®^’®®- 


*For  most  purposes  the  ratio  [q].p/[q]0  provides  a  sufficiently  accurate 
estimate  of  o:?.  For  cases  in  which  T-0  is  large,  however,  a  should  more 
properly  be  expressed 

0!^  =  ([q]^/[Tl]0)[l  -  (3/2)(T-0)(dln  7f/dT)  +  0(dln  T^/dT) 

possible  specific  solvent  effects,  in  instances  in  which  [q].,j  and  [qjg 
refer  to  different  solvents,  being  neglected. 
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According  to  the  interpretation  of  Stockmayer  and  Fixman 
concerning  identification  of  the  parameter  z  appearing  in  their  theories, 
various  current  forms  for  the  relationship  of  a  to  temperature  may  all  be 
expressed  by  the  proportionality 


F(a)  cc  (1  -  0/T)cT(T)/(rg)^/^  (33) 

where  for  present  purposes  a (T)  is  to  be  considered  an  arbitrary  function 
of  temperature.  Combination  of  Eqs.  (32)  and  (33)  leads  to  the  result 


din  r§/dT  =  [2/3(3-3p(dln  a/dln  F))][dln  [ql/dT  (34) 


-  p(dln  a/dln  F)(0/T(T-0)  +  dlna/dT) ] 

5  3 

According  to  the  Flory  theory^^’®^,  F(a)  =a  -a  and  a (T)  = 
v^/Vn  where  v  is  the  partial  specific  volume  of  the  polymer  and  Vi  the 
molar’volume  of  solvent.  For  this  case  Eq.  (34)  assumes  the  particular 

form 


din  r§/dT  =  [  (3/2)  (5a^-pa%-3)  ] " ’’C  (5a^-3)  (din  [q]/dT)  (35) 


-  p(a^-l)  (0/T(T-0)  +  dln(v^/V^)dT)] 


According  to  Fixman' s^’^®  theory,  F(a)  -  a®  -  1  and  Eq.  (34) 
becomes^^,* 

din  r|/dT  =  .[  (l/2)  (3a^-pa\p)  ]  ” ^[a^ (din  [qj/dT)  (36) 


-  (p/3)(a^-l)(0/T(T-0)  +  dlnn/dT)] 


Values  of  din  r§/dT  calculated  from  viscosity- temperature  data 
for  polystyrene  in  benzene^-^,  toluene^^^ss  ^^d  decalin®’^^  in  accordance 
with  each  of  the  Eqs.  (35)  and  (36)  are  compiled  in  Table  VI.  For  the 
first  two  systems,  the  values  of  0  and  a  utilized  are  as  given  by  Fox 
and  Flory^"^  in  their  original  treatment  of  these  data,  extended  to  include 
an  alternate  choice  for  the  exponent  p  appearing  in  Eq.  Ol) •  For  sim¬ 
plicity,  the  a  term  appearing  in  Eq.  (36)  has  been  identified  with  the 
molar  volume  ratio  explicitly  provided  by  the  Flory  Eq.  (35). 


*The  analogous  expression  for  din  r§/dT  derived  according  to  the  Kurata' 
Stockmayer-Roig^^  theory  yields,  numerically,  very  similar  results  for 
all  values  of  a. 
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Values  of  din  r^/dT  for  Polystyrene-solvent  Systems 
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The  entries  in  Table  VI  generally  indicate  a  negative  value 
for  din  r^/dT,  in  contrast  with  the  small  positive  value  for  this  parameter 
found  in  our  experimental  studies.  The  disparity  is  particularly  evident 
in  the  case  of  computations  carried  out  according  to  the  Fixman  Eq.  (36). 
Similar  calculations  applied  to  polymethylmethacrylate^®  and  polyisobuty- 
systems,  for  which  values  of  0  and  the  ratio  [ir|]/[T]]0  ^.re 
reported"^,  likewise  yield  estimates  for  din  r^/dT  which  are  (algebrai- 
cally)  smaller  than  those  either  derived  through  thermoelastic  measure¬ 
ments,  or  indicated  by  differences  in  ['r|]0  related  0- solvents.  In 
the  cases  of  polyethylene^^ and  polydimethylsiloxane  ^  ,  however, 

for  each  of  which  viscosity  data  in  athermal  so Ivents  (0  taken  equal  to 
zero  have  been  utilized  in  the  calculation  of  din  ro/dT  according  to 
Eq.  (35),  satisfactory  agreement  with  bulk  measurements  has  been  found. 

It  is  nevertheless  noteworthy  that  even  in  these  instances  values  of 
din  r^/ dT  arrived  at  through  the  former  method  appear  to  be  slightly 
smaller  (cf.  in  particular,  Ref.  31). 


E.  Discussion  and  Conclusion 

The  agreement  between  results  obtained  independently  from 
tension- temperature  data  and  from  viscosity  data  in  structurally 
similar  0- solvents  demonstrated  in  the  present  study  is  satisfactory. 

In  view  of  the  limited  objections  which  can  be  raised  to  the  validity 
of  the  two  methods  (cf.  introductory  section  and  discussion  below), 
we  feel  justified  in  concluding  that  a  small  posit ive  value  for 
din  r^/dT,  approximately  0.4x  10  properly  describes  the  variation 
of  the  unperturbed  dimensions  of  atatic  polystyrene  with  temperature. 

The  slight  difference  between  our  results  and  those  of  Schulz  and 
Baumann^®,  based  upon  viscometric  data  in  various  0-solvents,  could  be 
attributed  to  the  effect  of  specific  solvent  perturbations  in  the 
latter  systems. 

Our  results  pose  two  basic  questions:  one  concerns  the 
significance  of  the  positive  value  for  din  r^/dT  with  regard  to  the 
nature  of  internal  bond  rotations  in  the  polystyrene  chain;  the  other 
concerns  the  apparent  disagreement  between  our  results  and  those 
obtained  from  solution  data  in  non  0- solvents.  As  far  as  the  first 
problem  is  concerned,  we  can  merely  note  that  the  family  of  polymers 
for  which  positive  values  of  din  ro/dT  are  found  is  increasing,  and 
that  no  satisfactory  general  interpretation  for  this  effect  exists. 

For  polydimethylsiloxane^^,  a  plausible  explanation  has  been  advanced 
based  upon  the  occurrence  of  Si-O-Si  bond  angles  differing  substantially 
from  the  normal  tetrahedral  value.  Ptitsyn*s  theory^^,  on  the  other 
hand,  predicts  zero  or  negative  values  of  .din  ro/dT  for  all  vinyl 


For  a  sample  of  polyisobuty  lene^^  (M  -  1.5  x  10^)  heptane  (0  OK); 
2,2,3-trimethylbutane  (0);  2,4,4-trimethyl-2-pentane  (84);  and  cyclo¬ 
hexane  (126),  values  of  10^  (din  7f/dT)  at  30°C  calculated  according 
to  Eq.  (35)  with  p  =  3  are:  -1.9";  -2.0;  -1.9;  and  -1.3,  respectively. 
Stress-temperature  measurements^^  yield  the  value  -0.1  x  10 
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polymers.  In  particular,  this  parameter  is  supposed  to  equal  -2.5  x  10"^ 
for  isotatic  polystyrene  and  to  be  zero  for  the  syndiotatic  form.  Results 
obtained  from  early  dilute  solution  work^”^  in  0- solvents,  which  indicate 
a  value  of  about  -1.5  X  10"^  for  din  ^f/dT  of  atatic  polystyrene,  were 

in  fact  considered^^  be  in  agreement  with  the  predictions  of  the 

Ptitsyn  theory.  The  later,  more  extensive  studies  of  Schulz  and  Baumann  , 
however,  now  substantiated  by  our  results,  cast  doubt  upon  the  validity 
of  the  early  polystyrene  work  as  a  suitable  index  for  assessment  of 
din  r§/dT.  Data  on  stereoregular  polymers  would,  of  course,  provide  a 
basis  for  a  more  significant  test  of  the  Ptitsyn  theory,  specifically 
developed  for  tatic  polymers.  Unfortunately,  these  data  are  still  scarce 
and  an  experimental  study  of  din  ^/dT  for  stereoregular  polystyrene  has 
not  yet  been  undertaken. 

The  origin  of  the  disparity  between  our  results  for  din  r§/dT 
and  those  calculated  from  the  data  on  interacting  polymer -solvent  systems 
(T  >  0)  in  Table  VI  could  conceivably  be  attributed  to  one  or  more  of 
the  following  sources;  (1)  errors  in  the  experimental  quantity  din  [rjl/dT, 
(2)  inadequancies  of  current  a  “  T  relationships  in  satisfactorily  assessing 
the  excluded  volume  contribution  to  [q],  (3)  substantial  errors  in  the 
values  of  0  assigned  the  particular  systems  investigated,  and  (4)  specific 
solvent  effects.  Possibility  (1)  does  not  alone  provide  a  sufficient 
explanation  in  the  important  cases  of  the  benzene  and  toluene  entries  of 
Table  VI.  In  each  of  these  systems  a  change  in  the  sign  of  din  [q]/dT 
would  be  required  in  order  to  effect  significant  improvement  in  agree- _ 
ment  with  our  present,  experimental  value  for  din  ro/dT.  Errors  of  this 
magnitude  in  the  derived  [q]  -  T  relationships  do  not  seem  likely.  In 
regard  to  possibility  (2)  we  note,  again  with  reference  to  either  the 
benzene  or  toluene  system,  that  according  to  the  general  Eq.  (32)  a 
negative  value  for  da/dT  would  be  required,  in  conjunction  with  the ^ 
observed  din  [q]/dT,  in  order  to  yield  a  positive  temperature  coefficient 
of  For  these  systems,  relationships  of  the  form  of  Eq.  (33)  yield 

positive  values  for  da/dT.  Thus,  crucial  inaccuracies  in  theory  would 
not  appear  to  stem  primarily  from,  for  example,  the  derived  form  Eq.  (35), 
but  rather  would  have  to  be  of  more  fundamental  character.  In  view  of 
this  conclusion,  other  explanations  for  the  observed  discrepancies  should 
first  be  sought. 

The  possibility  (3)  of  substantial  errors  in  reported  0  values, 
in  systems  for  which  this  parameter  is  less  than  about  200°K,  must  be 
seriously  considered.  Estimates  of  0  arrived  at  by  extrapolation  of 
data  obtained  in  the  vicinity  of  room  temperature  could  be  subject  to 
large,  systematic  errors.  It  is  not  inconceivable,  for  example,  that 
a  value  of  0  <  0  properly  characterizes  the  system  poly styrene- benzene, 
which  assignment  would  lead  to  a  calculated  value  for  din  ro/dT  more 
compatible  with  our  present  experimental  findings*.  It  is  interesting 
to  note  in  this  connection  that  in  instances  in  which  the  value  of  0 
may  be  accepted  with  more  assurance,  better  agreement  between  the 


*The  results  for  polyisobutylene  systems  (see  Ref.  39)  would  be  similarly 
improved  through  assignmentof  lower  values  for  0. 
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results  of  calculations  from  Eq.  (32)  and  those  obtained  by  other  methods 
is  found.  The  entry  for  the  polystyrene-decalin  system  in  Table  VI  is 
illustrative.  Similarly,  the  satisfactory  agreement  reported  in  studies 

on  polyethylene2^’^°  polydime thylsiloxane^o^si ,32  systems,  in  each 

of  which,  low  molecular  weight  homologs  of  the  respective  polymers  were 
employed  as  athermal  solvents,  may  be  justified  on  the  basis  that  the 
value  0  =  0°K  assigned  is  a  valid  approximation  for  these  polymer- 
solvent  pairs. 

Finally,  with  reference  to  item  (4)  above,  one  cannot  dismiss 
the  possibility  that  the  different  values  found  for  din  rg/dT  pointed 
out  earlier^'^  and  in  this  communication  indeed  reflect,  in  part,  appropriate 
indications  of  the  thermal  coefficient  of  in  the  various  media  con¬ 
sidered.  Comprehensive  specification  of  a  particular  system  may  involve 
even  more  subtle  considerations,  viz.,  the  possibility  of  fundamental 
changes  in  the  geometry  of  the  polymer  chain  in  some  temperature  interval 
Expressed  in  another  way,  this  would  amount  to  failure  of  the  convenient 
analytical  form  din  rf/dT  to  retain  approximate  constancy  over  a  wide 
temperature' range.  We  understand  that  aspects  of  this  general  problem  are 
currently  under  investigation^^. 
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III.  The  Second  Virial  Coefficient  for  Branched  Comb  Molecules  -  Edward  F. 

Casassa 


A.  Introduction 

In  the  previous  report  (ASD-TR  61-22,  Part  III)  and  in  a  pub¬ 
lished  paper we  explored  in  some  detail  the  thermodynamic  behavior 
of  branched  "star"  molecules--structures  comprising  identical  linear 
chains  attached  at  one  end  to  a  common  junction.  Here  we  generalize 
the  theoretical  computation  to  obtain  the  second  virial  coefficient 
for  "regular  comb"  molecules.  In  this  model  we  have  a  backbone  chain 
to  which  are  attached  at  uniform  intervals  identical  linear  chains 
forming  the  branches.  We  let  the  main  chain  and  the  branches  be  of  the 
same  chemical  structure,  and  thus  exclude  from  consideration  copolymers 
formed  by  grafting  chains  of  a  different  species  to  a  backbone.  In 
one  limit — as  the  interstices  between  branches  become  very  short--the 
comb  model  evidently  reduces  the  star  model  previously  studied. 

As  in  the  case  of  the  stars,  the  investigation  of  combs  was 
stimulated  by  the  fact  that  methods  have  been  developed  for  synthesizing 
definitely  characterized  branched  polymers.  Regular  combs,  which  are 
convenient  for  the  theoretical  derivation,  have  not  indeed  been  made; 
but  the  similar  random  combs,  with  identical  branches  distributed  along 
the  main  chain  have  been  prepared^®  and  are  being  studied  in  dilute 
solution® . 


Except  for  the  special  branched  structure  of  the  polymers,  the 
model  we  employ  is  the  familiar  statistical  "string  of  beads",  conven¬ 
tional  for  many  years  in  the  study  of  configurational  and  thermodynamic 
properties  of  flexible  macromolecules.  That  is,  we  shall  deal  with 
linear  sequences  of  statistical  segments,  or  "beads",  connected  by 
universal  joints.  A  segment  is  characterized  by  a  mean  square  length 
bQ  and  a  volume  P  of  mutual  exclusion  for  a  segment  pair;  it  is  not  to 
be  identified  with  any  structural  repeating  unit  in  the  chain.  Our 
purpose  here  is  the  calculation  of  the  second  virial  coefficient  Ag  in 
the  equation  of  state  expressed  as  a  power  series  in  concentration  (in 
units  of  mass  per  unit  volume).  For  the  osmotic  pressure  n,  for  example 
we  write, 


r~“  =  w  "b  A„c  +  ... 

RTc  M  2 


(37) 


According  to  the  general  statistical  theory  of  fluids,  the 
virial  coefficient  is  given  by"^"^ 


^0  r 

A  = - ^  /  g  (l,2)d(l)d(2)  (38) 

2VM  '-I 

=  F2(1,2)  -  F^(1)F^(2)  (39) 
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where  M  is  the  molecular  weight,  Nq  is  Avogadro's  number  and  Vrs  the 
volume  of  the  macroscopic  system  under  consideration. 

distribution  functions  Fi(l),  Fi(2),  for  the  single  molecules  1  and  2  and 
Fp(l  2)  for  the  pair  of  molecules  considered  simultaneously  are  expanded 
in  series  as  deLribed  by  Zimm^;  and  then  the  integration  over  the  spatial 
coorkat;s,  symbolized  by  (1)  and  (2),  of  all  segments  of  the  two  molecules 
is  carried  out  term-by-term  to  obtain  a  series  in  powers  of  p. 


-  /  g2(1.2)d(l)d(2) 


=  pv 


ki,k2 


1  -  p 


P(0  )i  V  +  ) 

”l“2  ^1^2 


(40) 


The  indices  ki,  kg,  mi,  mg  indicate  segment  k  on  molecule  1,  segment  ^  on 
molecule  2,  and  so  on.  The  symbol  PCOj^^^^kiks  designates  the  probability 
density  for  an  intermolecular  contact  between  segments  mi  and  mg  conditiona 
upon  the  presence  of  an  initial  contact  between  segments  ki  ^d  k^-  A 
cLtact  exists  for  any  configuration  of  two  segments  which  would  place 
both  centers  within  the  small  volume  p.  To  this  point,  we  have  needed  to 
specify  nothing  as  to  the  specific  structure  of  the  chain:  we  have  assumed 
oSy  tLt  the  mean  potentials  o£  average  force  between  segments  are  pair- 
Wise  additive  and  are  of  short  range  character  in  the  sense  that  the 
interaction  can  be  described  adequately  by  a  three-dimensional  delta 
function®'^.  Utilizing  another  property  of  the  model,  that  the  configu  a- 
tiofof  the  unperturbed  chain  can  be  described  by  random_  flight  probabili¬ 
ties,  we  can  introduce  these  for  the  PCOm^mPkika 
coefficient  in  the  form 


A. 


NpPN 

2M^ 


[1  -  Bz  +  0(z  )] 


(41) 


where  N  is  the  number  of  segments  in  the  molecule  and 


z 


3/2 


pN 


1/2 


The  quantity  r2  used  above  is  AgM. 

Here  we  shall  be  concerned  only  with  evaluation  of  the  power 
series  in  Eq.  (40)  through  the  second  term,  and  thus  with  the  coefficient 
B  in  Eq  (41).  This  means  that  only  those  configurations  of  a  bimolecular 
cliste?’that  involve  no  more  than  two  intermolecular  contacts  need  be 
considered'*.  Since  the  series  converges  slowly,  the  results  in  this 
ap^rALation  can  be  practically  useful  only  for  rather 
systems  near  the  Flory  temperature 9,  where  As  vanishes.  We  shall 
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to  suggest,  though,  how  the  fairly  rigorous  information  obtainable  at  this 
limit  can  be  utilized  in  more  speculative  approximate  theories  describing 
behavior  of  polymers  in  good  solvents,  in  which  Ag  is  large  and  the  higher 
order  contacts  indicated  by  OCp^)  in  Eq.  (40)  cannot  be  ignored. 


B.  Theory  for  the  Asymmetric  Comb 

Turning  now  to  the  problem  of  calculating  Bfor  the  comb,  we 
consider  two  variants  of  the  model.  The  simpler  one  is  the  "asyimetric 
comb":  we  can  imagine  a  sequence  of  p  identical  linear  L-shaped  elemen  s 

each  of  n  segments,  with  the  sequence  of  bases  of  the  L  s  forming  the  mam 
chain  as  illustrated  in  Fig.  8.  One  more  quantity  is  needed  to  specify 


branch  t 


molecule  1 


/M=Z  V,  =  3  branch  f 


molecule  2 


Figure  8  Schematic  representation  of  interaction  of  two  asymmetric  combs 
The  dashed  lines  indicate  contacts  between  pairs  of  segments. 


the  structure  completely  by  fixing  the  numbers  of  segments  contributed 
by  each  L  to  the  backbone  and  to  a  branch.  A  convenient  magnitude  is 


n. 


7  = 


’"O  % 
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^  3.nci  riQ  b6i.n.g  ir0spsctivGly  tliG  mimbGirs  of  s0§TnGrits  in  3.  b]C3.ncb  3.nd.  in 
a^backbone  section  between  two  branches.  Thus,  7  represents  the  fraction 
of  the  molecule  in  the  backbone  (if  we  ignore  the  anomaly  that  the  branch 
at  one  end  is  actually  part  of  the  backbone).  In  writing  some  expressions, 
however,  it  will  be  more  convenient  to  use  a  different  ratio 


S  _  1  ^ 


For  any  double  contact  configuration,  the  conditional  random- 
flight  probabilities  that  determine  the  coefficient  B  are  given  by 


P(0  )i  1 

m^m^  k^k^ 


3/2 


(X,  +  xp 


-3/2 


(42) 


where  Xi  and  Xg  are  the  numbers  of  segments,  respectively  of  molecules  1 
and  2  forming  the  closed  loop  passing  through  the  four  segments,  m^,  m2, 
ki,  and  ks,  which  form  the  contacts.  We  find  it  convenient  to  number 
segments  on  each  L  from  1  to  n  so  that  1  ^  i  ^  etc. ,  as  indicated  in 
Fig.  1,  and  then  denote  the  particular  L's  concerned,  by  Greek  letters 
M-ij  h2j  '^15  ^2  (relating  to  i^,  i2,  ji,  ja  so  that  1  <  p  <  fj  etc.)  Thus, 
in  counting  configurations  we  shall  need  to  introdude  summations  explicitly 
running  over  the  branch  numbers.  Two  cases  are  distinguished  for  each 
molecule  of  the  pair:  that  is,  with  the  contact  segments  on  one  L  and 


x^  =  ■  ki. 


and  with  the  segments  on  different  L*s 

Xp  =  (V;^  -  -  D^o  +  1  ip  "  for  >  p^ 


Combination  of  the  two  classes  of  contours  in  double  contacts  then  generates 
three  classes  of  bimolecular  configurations:  those  with  contact  segments 
distributed  over  2,  3,  or  4  of  the  L's.  (A  configuration  of  the  last  type 
is  the  one  illustrated  diagrammatical ly  in  Fig.  8.) 

Since  we  are  interested  only  in  the  situation  where  n  is  large, 
we  can  without  sensible  error  replace  the  sums  in  Eq.  (40)  in  part  by 
integrals.  It  then  becomes  useful  to  introduce  reduced  variables 


X  =  ip/rij  y  “  ~  ^  ^2^^ 


39 


each  running  from  zero  to  one,  and  the  quantities 


q  -  ^2  ^2 


to  write,  for  example,  the  contribution  from  all  the  configurations  with 
contact  segments  on  four  L*s: 


ziiiini'-vv. 


^2  ^2  "^1  ^2 


=  2n 


5/2 


ttlf 


(P  ~  1)7  +  "  ^)7  + 


X 


Vp  V2  .P2 

v^>V2  Vp>P2 


r3/2 


H-  y”7l  +  u4'V 


dudvdxdy 


(43) 


The  factor  2  is  introduced  on  the  right  hand  side  to  account  for  the 
distinguishable  additional  configurations  obtained  by  interchange  of  jj, 
and  V  in  either  molecule.  The  integrations  are  straightforward  though 
maddeningly  tedious.  Carrying  them  out  and  converting  the  remaining 
quadruple  sum  to  a  double  sum  by  noting  that  any  p  and  q  can  be  realized 
in  f  p  and  f  q  ways,  we  have  finally 


^1^2 


(all  configurations 
with  Vp  f  Pp,  7^  P2) 


f-1  f-1 

p=l 


(f  -  p) (f  -  q)T(p  +  q,r) 


(44) 


where  T(p  +  q,r)  is  a  function  of  the  ratio  r,  and  of  the  indices  p  and  q, 
which  contains  the  last  two  variables  only  in  the  combination  t  =  p  +  q: 


T(p  +  q,r)  =  T(t,r) 
t^/^  +  4(t  -  2  +  r)^/^ 


»  g(l  +  r)-=/2 


-4(t  -  2)^/^  +  4(t  -  1)^/^ 


+  6(t  -  1  +  r)  -  8(t  +  r)^/^  +  2(t  +  1  +  r)^/^ 
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-  (t  -  2  +  2r) 


5/2  _  8(t  -  1  +  2r)^/^  +  4(t  +  1  +  2r)^/^  -  (t  +  2  +  2r)^/^ 


+  2(t  -  1  +  3r)^/^  +  4(t  +  3r)^/^  -  2(t  +  1  +  3r)^/^  -  (t  +  4p)^/^  (45) 


An  additional  simplification  is  possible  since  one  more  summation  can  be 
performed  immediately: 


^  ^  (f  -  p)(f  -  q)T(t,r)  = 


T(t,r)  (46) 


Contributions  from  double  contacts  involving  three  L's  are 
obtained  from  a  calculation  of  similar  pattern  leading  to  another  linear 
combination  of  irrational  terms 


Vi  V2  ^2  ^1  ^2  ^1  ^2 


P(0.  .  )  •  • 

^1^2  h^2 


fe)  n 


._J  o  o  u 


(p-1)  +|x-7l  +  u+|y-v|  dxdydudv 


Vi  P2 

(v  ^>p  ^) 


3/2  f 


fe)  I 


f(f  -  p)S(p,r) 


0'  p=l 


where 


S(p,r)  =  —  (1  +  r) 


^  (1  +  r)"^/^  [2(p  -  1)^/^  -  P^/^  -  (p  -  1  +  r)^/^  -  2(p  +  r)^/^ 


+  (P  + 


1  +  r)^/^ 


+  (P  +  2r)- 


+  11  (1  +  r) .  2(p  -  1  -  P^/^  -  (p  -  1  +  r  -  4(p  +  r 

+  2(p  +  1  +  r)^/^  +  2(p  +  2r)^/^  +  2(p  +  1  +  2r)^/^  -  (p  +  2  +  2r)^/^ 


(p  +  1  +  3r)- 
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The  final  contribution  to  the  sum  over  probabilities  in  Eq.  (40) 
comes  from  configurations  in  which  vi  =  pi  and  V2  ~  d2  simultaneously. 
This  is  obviously  just  the  well-known  B  for  interaction  of  two  linear 
chains  of  n  segments  taken  _f^  times. 


1  h  j,  “ 

12  ■^l'^2 


(all  configurations  with  p,q  -  0) 


=  2w.  =  ^(7  -  41/5)  =  2.865 

lin  U 


(We  used  the  symbol  Wq  or  w^^  in  earlier  papers  on  linear  chains  and 
branched  stars.) 

Assembling  the  above  results,  we  have  for  the  coefficient  of 
the  linear  term  in  Eq.  (41) 


2 


-Wq  + 


f(f  -  p)s(p,r)  + 


(f  -  p)(f  -  q)T(p  +  q,r)  ^  (49) 


p=l 


p=l  q=l 


For  the  sake  of  uniformity  with  results  to  be  given  presently 
we  have  written  sums  as  running  up  to  p  =  f  and  q  =  f  although  the  added 
term  is  obviously  zero.  Equation  (49)  represents  the  final  stage  we  can 
accomplish  analytically.  Since  we  are  concerned  always  with  finite,  and 
usually  quite  small,  numbers  of  branches  f,  the  remaining  sums  cannot  be 
converted  to  integrals;  and  further  recourse  must  be  to  numerical 
calculations. 


C.  The  Symmetrical  Comb 

A  model  more  attractive  in  some  ways  is  provided  by  what  we 
choose  to  call  the  "symmetrical  comb"  illustrated  in  Fig.  9.  Here  we  have 
merely  added  an  extra  vertebral  section  a  "tail",  of  n^ ^  segments  to  form 
a  molecule  symmetrical  about  its  midpoint.  Thus  we  obviate  the  artifice 
of  classifying  a  longer  linear  sequence  at  one  end  as  partly  a  branch. 

The  results  already  given  can  be  utilized  directly  (the  numbering, 
of  chain  segments  and  branches  being  unchanged) ;  but  some  additional  terms 
have  to  be  computed.  These  involve  double-contact  probabilities  for 
configurations  in  which  one  or  more  of  the  participating  segments  are  on 
the  extra  backbone  element.  Since  the  calculations  go  much  as  before  they 
need  not  be  described  in  detail.  Again  one  has  simply  to  compute  the  number 
of  segments  around  the  loop  formed  by  two  intermolecular  contacts  and  do 
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segment  n 

S  , 


segment  I 


1 

\ 


/i2=3  V2=f 


Figure  9  Diagram  for  double-contact  interaction  of  two  symmetrical  combs 


the  necessary  summations  and  integrations  over  the  appropriate  ranges. 

For  instance,  in  configurations  (like  the  one  in  Fig.  9)  with  one  segment, 
ji,  on  a  tail,  the  loop  length  is 


(f  -  ■^l  ^^2  ^2  ^^’^0  "''1^2  ’^0^ 


with. 


0  <  i^  <  n;  0  <  i2  <  nj  0  <  <  n^;  ■  0  <  ^2  <  n 


The  final  result  for  B  is 


(f  +  7) 

■  f 

+  y [f(f  -  p)S(p,r)  +  U(p,r)  +  fV(p,r)  +  (f  -  p)W(p,r)] 

^  fP=l 

+  y  y  (f  -  p)(f  -  q)T(p  +  q,r)  +  X(p  +  q,r)  +  2(f  -  p)Z(p  +  q,r)] 


p=l  q=l 


(50) 
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Y  =  2  +  57  +  57^/^  +  27^'^^  -  2(1  +  7)^'^^  (51) 

U(p,r)  =  y  (1  +  2(p  -  1)^/^  -  3p^/^  +  (P  +  1)^/^  -  (p  -  1  +  r)^/^ 

+  (p  +  +  ft  (1  +  2(p  -  1)^/^  -  5p^/2 

+  4(p  +  1)^/^  -  (P  +  2)^/^  -  (p  -  1  +  r)^/^  +  2(p  +  r)^/^ 

-(p+l+r)^/^  (52) 

V(p,r)  =  y  (1  +  r)"^/^j^2(p  -  1)^/^  -  3P^/^  +  (p  +  1)^^^  "  (P  “1  +  r)^/^ 

+  (P  +  r)  V2]  +  If  (1  +  r)-V2[2(p  -  1)'/'  -  3p'/2  +  (p  +  1)'/' 

_  (p  _  1  +  r)5/2  _  (p  +  r)^/^  +  3(p  +  1  +  r)^/^  -  (p  +  2  +  r)^/^ 

+  (p  +  2r  —  (p  +  1  +  2r)  ^  (53) 

W(p,r)  =  y  (1  +  2(p  -  1)^/^  -  P^/^  -  (P  -  1  +  r)^/^  -  2(p  +  r)^/^ 

C 

+  (p  +  1  +  r)^/^  +  (P  +  2r)^/^  +  15 

^  Ip 

-  3p^/^  +  (p  +  1)^/^  -  (P  -  1  +  -  (P  +  r)^/^ 

+  3(p  +  1  +  r)^/^  -  (p  +  2  +  r)^/^  +  (p  +  2r)^/^  -  (p  +  1  +  2r)^/^  .  (54) 

X(P  +  q,r)  =  y  (1  +  r)-^/2[-4(t  -  2)^/2  +  12(t  -  1)'/'  - 

+  6(t  +  1)^/^  -  (t  +  2)^/^  +  4(t  -  2  +  r)^/^  -  10(t  -  1  +  r)^/^ 

+  8(t  +  r)^/^  -  2(t  +  1  +  r)^/^  -  (t  -  2  +  2r)^/^ 

+  2(t  -  1  +  2r)^/^  -  (t  +  2r)^/^  (55) 
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Z(p  +  q,r)  =  M  (1  +  J,)‘V2 


■4(t  -  2) 


-  2')^/^  +  8(t  -  1)^/^  -  5t^/^ 


+  (t  +  1) 


5/2 


+  4(t  -  2  +  r) 


+  5(t  +  1  +  r)^/^  -  (t  +  2  +  -  (t  -  2  +  2r) 


5/2_2(t-i+r)5/2-6(t+r)^/2 


r)^/^  -  (t  -  2  +  2r)^/^  -  3(t 


(t  -  1  +  2r) 


5/2 


+  6(t  +  2r) 


-  2(t  +  1  +  2r)^/^  +  (t  -  1  +  3r)^/^  -  (t  +  3r)^/^ 


(56) 


The  new  quantities  in  Eq.  (50)  arise,  from  various  t3^pes  of  con¬ 
figurations  as  follows: 

two  segments  on  each  tail  (interaction  of  two 
chains,  each  with  ng  segments); 

Y  for  two  segments  on  a  tail  and  the  other  two  on  one  L 
(interaction  of  two  linear  chains  of  unequal  lengths  n  and  ng) , 

U  for  three  segments  on  tails; 

V  for  one  segment  on  a  tail  and  two  on  a  single  L  of  the 
other  chain; 

W  for  two  segments  on  one  tail  and  two  segments  on  dif¬ 
ferent  L's  of  the  other  chain; 

X  for  one  segment  on  each  tail; 

Z  for  segments  on  three  different  L's  and  one  tail  (as 
illustrated  in  Fig.  9). 


D.  Discussion  of'Results 

Pgtermination  of  any  number  of  values  of  B  as  a  function  of  _f 

and  7  (or  r)  would  be  prohibitively  time  consuming  without  the  aid  of  a 

digital  computer.  Consequently  Fortran  programs  were  written  for  both 
the  asymmetric  and  symmetric  combs,  and  processed  to  obtain  the  results 
given  in  Tables  VII  and  VIII.  In  the  machine  calculations  there  was  no 
particular  advantage  in  resolving  the  double  sums  over  p  and  q  into  single 
sums  over  t  as  in  Eq.  (46) .  Although  the  computations  were  a  fairly 
straightforward  matter,  one  problem  perhaps  deserves  mention.  When 
calculations  were  first  carried  out  with  the  IBM  704  computer,  it  was 
found  that  errors  were  appearing  at  the  third  or  fourth  significant 
figure  at  the  largest  values  of  _f  used.  It  was  easily  established  that 

the  eight  significant  figures  maintained  in  the  machine  calculations  did 

^Qt  provide  adequate  precision  for  evaluating  the  functions  S(t,r) ,  T(p3r), 
etc.,  which  become  smaller  as  the  magnitudes  of  the  terms  of  alternating 
sign  of  which  they  are  composed  become  larger  V7ith  increasing  p  and  t. 
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For  example,  T(t,0)  is  always  zero;  but  when  t  is  50,  individual  terms 
attain  the  order  of  10^.  The  difficulty  persists  for  finite  r,  and  the 
large  percentage  inaccuracy  in  the  computed  T(t,r)  is  only  partially 
counterbalanced  by  the  fact  that  the  least  accurate  values  are  given 
least  weight  in  the  sum  over  t.  Although  double  precision  programs 
(retaining  sixteen  significant  figures)  are  available  for  the  IBM  704, 
they  are  relatively  time-consuming.  By  going  to  another  machine,  the 
IBM  7094,  which  is  directly  adapted  to  double  precision  computations,  we 
were  able  to  do  the  necessary  operations  efficiently  and  with  all  the 
accuracy  required  over  the  entire  range  of  f  and  7  desired.  Hence,  the 
values  of  B  given  in  the  tables  are  correct  to  the  number  of  significant 
figures  shown. 

In  Fig.  10,  values  of  B  for  both  symmetric  and  asymmetric  combs 
are  plotted  as  functions  of  7  for  several  values  of  f . ^  Either  model 
reduces  to  the  linear  and  star  structures  studied  earlier  as  special  cases: 
thus,  as  7  approaches  unity,  B  approaches  the  linear  limit  2.865,  and 
when  7  becomes  zero,  B  for  the  corresponding  f-functional  reguUr  star 
is  recovered.-  Since  one-  and  two-branched  stars  are  pathological  ^ 

structures  representing  merely  linear  chains,  the  plots  or  m 

the  linear  value  for  r  -  0;  and,  of  course,  the  as^trrc  comb 
with  f  =  1  is  always  linear.  The  symmetrical  comb  with  f  -  1  gives  a 
curve  nearly  symmetrical  about  a  maximum  at  or  very  close  to  7  -  1/2; 
and  since  the  model  for  7  =  l/2  represents  a  triply  branched  regular  star, 
the  .value  of  B  there  is  equal  to  the  intercept  at  7  -  Ofor  f  -  3.  Both 
kinds  of  combs  give  the  same  B  at  the  star  limit,  but  wit  7  ini  e  e 
Plot  for  the  asymmetric  model  falls  below  that  for  the  symmetric  one 
having  the  same  f  and  approaches  the  curve  for  the_symmetric  comb  with 
one  less  branch  as  both  curves  approach  at  7  1. 

It  is  interesting  that  the  maximum  appearing  in  the  curves  for 
the  symmetric  models  with  f  =  1  and  f  =  2  still  persists  with  f  =4  and 
f  =  5  although  it  become  less  marked  and  shifts  progressively  to  the 
left  When  f  is  greater  than  5,  however,  a  monotone  decrease  of  B  with 
increasing  7  is  established.  The  same  character  is  seen  qualitatively 
in  the  plots  for  the  asymmetric  model  but  the  maximum  is  not  so  prominent. 
The  behavior  of  B  stands  in  some  contrast  to  that  of  the  coefficient  ai 
of  the  linear  term  in  the  power  series  in  z  for  the  expansion  of  the  mean 
square  radius  ( s^)  beyond  the  random  flight  value  (s  )q 


=  1  +  8l.Z  +  0(z  ) 

(s^) 


Berry  and  Orofino  (see  Section  I,  above)  found  that  ai  f or  symmetrical 
combs  passes  through  a  maximum  as  a  function  of  7.  This  is,  however, 

Lre  pLnounced  than  that  in  83^^,  and  It  does  not  disappear  as  f  becomes 

large. 

In  a  qualitative  way,  the  variation  of  B  for  either  model  with 
7  and  f  agrees  with  intuition.  Sufficiently  close  to  the  Flory  temperature, 
the  first  two  terms  on  the  righthand  side  of  Eq.  (41)  will  be  sufficient 
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The  coefficient  B  for  symmetric  (solid  curves)  and  asymmetric 
(dashed  curves)  combs  for  various  values  of  _f .  For  a  given 
value  of  the  two  curves  join  at  the  left.  For  f  =  1, 

Basym  constant  and  equal  to  for  f  =  2^  it  almost 

coincides  with  the  solid  curve  B„„_  for  f  =  1. 


to  determine  Ag-  Then,  if  B  increases  while  the  molecular  weight  and 
the  structure- independent  parameters  p  and  bg  are  held  fixed,  Ag  becomes 
smaller.  This  change  is  seen  to  occur  as  one  passes  from  the  extended 
linear  configuration  via  the  comb  to  the  usually  more  compact  star  ^ 
structure,  or  if  one  keeps  7  fixed  and  increases  _f .  Since  the  virial 
coefficient  is  a  measure  of  the  interaction  of  two  molecules,  it  would 
be  expected  to  be  smallest  for  the  model  that  is  the  least  space- filling. 
Conversely,  one  might  expect  the  intramolecular  excluded  volume  effect, 
as  evidenced  by  the  increase  in  ( s^)  beyond  the  random- flight  value,  to 
be  greatest  for  the  most  compact  configuration.  This  is  indeed  found  to 
be  the  case  as  f  increases  at  fixed  7;  but  the  effect  of  varying  7,  as 
already  noted,  is  not  as  simple. 

These  observations  on  the  dependence  of  B  on  structure  can  be 
put  on  a  more  nearly  quantitative  basis.  If  the  "compactness"  of  the 
molecule  is  the  factor  determining  B,  the  most  obvious  correlation  to  seek 
would  be  one  with  the  ratio  £  of  the  mean  square  radius  of  the  branched^ 
molecule  to  that  of  the  linear  chain  of  the  same  mass.  For  the  symmetrical 
comb  this  is  given  by  the  expression 

g(f+7)^  =  3f^-2f  +  f(f^-6f  +  8) 

+  7^f(6f  -  9)  +  7^(6f  +  1)  (57) 


which  is  equivalent  to  Eq.  (22).  Values  of  g  for  this  model  were  then 
computed  for  each  f  and  7  represented  in  Table  VIII. ^  The  results,  recorded 
in  Table  IX  were  used  to  construct  the  graphs  given  in  Fig.  11,  of  B^^^ 
versus  7 • 


It  is  clear  from  the  plots  that  does  show  the  expected 

marked  correlation  with  £  regardless  of  f  or  7.  As  7  decreases  from 
unit  y,  e  decreases  initially  and  all  the  curves  of  B  versus  £  increase 
from  the  limit  1  f  §  exhibits  a 

minimum  (corresponding  at  least  approximately  with  the  maximum  in  B) . 
Then  as  7  decreases  further,  £  increases  once  more  as- B  falls  ^^til 


B 


lin 


(for 


f  =  1  and  f  =  2  or  the  regular  star  value  (for  3  <  f  <  5  is 


reached.  The  curve  for  f  =  1  in  Fig.  11  is  actually  a  loop,  but  on  the 
scale  of  the  plot  this  cannot  be  distinguished  from  a  curve  segment 
retraced  to  its  origin.  For  f  >  5,  B  increases  monotonically  with 
decreasing  g  as  well  as  with  decreasing  7.  With  successively  larger  values 
of  f  the  superposition  of  the  plots  appears  to  improve.  _  As _f  becomes 
sufficiently  large,  Bgtar  approaches  0.2201  f  /  ;  but  this  Ij-n^iting 
behavior  is  reasonably  approximated  only  at  values  of  t  greater  than 
appear  in  Fig.  9“^^. 


E.  Application  to  Polymers  in  Good  Solvents 

In  earlier  papers^^ > we  have  developed  an  approximate  theory 
for  solutions  of  linear  and  star  polymers  in  good  solvents.  The  same  approach 
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can  be  used  in  dealing  with  interaction  of  combs  to  obtain  a  closed  expres¬ 
sion,  which,  when  expanded  in  series,  reproduces  correctly  the  first  two 

terms  of  the  series  in  Eq.  (41).  The  simplifications,  which  therefore 

introduce  approximations  in  the  higher  terms  of  Eq.  (41),  are  of  two  kinds. 

(a)  The  intramolecular  excluded  volume  effect  is  assumed  to 

cause  a  uniform  expansion  of  all  molecular  dimensions  by  a  scale  factor^^ 
a;  hence,  the  distribution  functions  remain  random- flight  quantities  with 
the  segment  length  bQ  replaced  by  a  modified  length  OlbQ .  It  follows  that 
A2  can  be  written  as  a  power  series  in  a  variable  ^  =  z/a®.  Since  can 

be  expressed  as  a  series  1  +  0(z),  this  approximation  does  not  affect  the 
coefficient  of  the  linear  term  in  Eq.  (41).  In  a  refinement  of  the  theory^® 
it  has  been  proposed  that  the  a  involved  in  the  problem  of  intermolecular 
interactions  should  not  be  that  for  an  isolated  molecule  but  rather  an 
averaged  quantity  Oig  relating  to  a  bimolecular  cluster.  Evaluation  of 

(or  of  a,  for  that  matter)  in  a  good  solvent  is  an  important  problem, 

but  we  shall  avoid  discussing  it  here  by  regarding  the  expansion  factor 

simply  as  a  quantity  obtained  by  independent  means. 

(b)  The  probabilities  for  multiple  intermolecular  contacts 
appearing  in  higher  terms  of  Eq,  (40)  are  approximated  by  products  of 
independent  probabilities  for  contacts  in  addition  to  an  initial  one;  thus. 


p,>k, k. 


1^2  12 


With  these  two  approximations,  Eq.  (38)  becomes 


g2(l,2)d(l)d(2) 


where  the  functions  cp  and  h  are 


§V 


cp(h,0  = 


^  «.£,7)  (58) 

N 


cp(h,0 


1  - 

h(k^,k2, fy)^ 


(59) 


and 


h(k^,k2, f ,7) 


m,|  m^ 


(60) 
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The  sums  (integrations)  over  and  mg  can  be  done  immediately  and,  in 
fact,  have  already  been  evaluated  at  an  intermediate  stage  in  the  calcula¬ 
tion  of  B.  The  remaining  sums  over  ki  and  kg,  which  accomplish  an  averag¬ 
ing  process  over  all  choices  for  the  "initial"  intermolecular  contact,  are 
ac tab le  analytically^  but  the  evaluation  has  been  done  by  numerical 
integration  both  for  linear  chains  and  regular  stars.  Numerical  results 
for  combs  could  be  obtained  in  the  same  way;  but  since  B  is  now  a  function 
^^^00  variables  f,  y,  and  ^  (two  parameters  describe  a  regular  star, 
and  only  one,  a  straight  chain)  the  calculations  appear  somewhat  unattrac¬ 
tive.  Furthermore,  the  earlier  work‘d®  suggests  the  additional  approxima¬ 
tion  of  replacing  the  sume  of  cp(h,^)  over  k^  and  k^  by  cp  itself  evaluated 

at 


hQ(f,7) 


2B 


(61) 


With  this  final  simplification,  the  virial  coefficient  in  any  solvent  is 
given  by: 


NqPN^ 


K  FQ(^,f,7)  = 


1  —  exp(-2BO 

2B^ 


(62) 


Obviously,  upon  expansion  of  the  exponential,  this  result  duplicates  the 
first  two  terms  of  the  series  in  Eq.  (41).  For  a  polymer- so Ivent  system 
of  given  chemical  nature,  the  virial  coefficient  will,  according  to 
Eq.  (62),  depend  on  branch  architecture  through  B  and  The  primary 
dependence  appears  in  B,  which,  we  have  shown,  may  be  regarded  to  a  first 
approximation  as  a  function  of  The  molecular  weight  dependence  appears 

entirely  in  ^  which  will  also  depend  on  structure  through  variation  of  ag 
with  7  and  t.  The  results  of  Berry  and  Orofino  on  a  (Section  I,  preceding) 
suggest  that"  an  approximation  giving  Og  as  a  function  of  z  and  _g  only, 
would  not  be  very  satisfactory.  Otherwise,  F  would  depend  only  on  z  and 

£• 

Since  we  have  not  integrated  the  function  9  ib  is  not  possible  to 
compare  F  with  F^  in  detail.  However,  this  has  been  done  numerically  for  star 
molecules,  and  those  results^^  serve  to  show  the  nature  of  the  approximation. 
As  already  mentioned,  F  and  F°  have  the  same  first  derivative  with  respect  to 
^  at  ^  =  0.  Thence,  F®  becomes  smaller  than  F  as  ^  increases.  For  linear 
chains,  the  maximum  error  is  always  less  than  two  percent,  but  it  increases 
as  f  becomes  larger  (for  f  =  9  the  error  at  large  ^  is  ten  percent).  We 
expect  that  similar  behavior  obtains  for  combs  with  the  value  of  F’^/F  depend¬ 
ing  rather  closely  on  the  value  of  B. 

In  endeavoring  to  show  that  B  depends  primarily  on  g,  we  were 
motivated  by  the  fact  that  several  approximate  theories  of  the  virial 
coefficient  in  good  solvents  result  in  functions  of  £  and  z.  Flory  and 
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Krigbaum,^^’^^  for  example,  represented  a  dissolved  polymer  molecule  as  a 
Gaussian  density  distribution  of  chain  segments  centered  about  the 
molecular  center  of  mass  and  normalized  to  give  the  mean  square  radius  of 
the  real  molecule.  Then,  they  calculated  the  second  virial  coefficient 
by  considering  the  interpenetration  of  two  such  soft  spheres  much  as 
in  the  standard  statistical  mechanical  derivation  of  the  equation  of  state 
of  the  imperfect  gas .  This  model ,  and  some  variants  ’  ’  differing 

only  in  the  character  of  the  density  function,  were  used  in  treating 
straight  chains  but  since  the  models  actually  contain  no  specific  structural 
features  dependent  on  branching,  the  theories  can  be  applied  to  chains 
of  any  architecture  provided  merely  that  the  proper  radius  is  used.  Thus, 
for  the  Flory-Krigbaum  theory  one  can  write 


X  - 


N  PN 
2M 


(63) 


The  function  Fpj^(X)  has  been  given  graphically  by  Flory  and  Krigbaum. 

In  determining  X  they  identified  with  a.  The  symmetry  of  their  model 
suggests  this  as  the  simplest  expedient.  Logically,  a  more  elaborate 
treatment  would  seem  to  require  that  interaction  of  a  pair  of  molecules 
create  an  asymmetric  deformation  of  each  molecule,  but  such  a  refinement 
would  presumably  make  calculations  difficult.  Although  the  work  of 
Berry  and  Orofino  makes  us  doubt  that  can  actually  be  described  ade¬ 
quately  as  a  function  of  z  and  a  self-consistent  treatment  of  the 
Flory-Krigbaum  model  would  necessarily  lead  to  such  a  functional  depen¬ 
dence.  Thus,  within  the  framework  of  the  theory  Ffk(X)  depends  entirely 
on  ^  and  _g. 

Elsewhere^^,  we  have  given  plots  of  analogous 

quantity  F(^,f,0)  for  stars  of  various  functionalities  Qualitatively, 

the  same  behavior  applies  in  the  case  of  combs.  When  ^  is  zero,  Fp^  and 
F  are  both  unity,  but  Fpp;  decreases  much  less  rapidly  with  increasing  ^ 
for  any  value  of  f  or  7  .  Although  the  absolute  values'  for  A2  as  predicted 
by  the  two  theories  may  be  quite  different,  the  comparison  between  branched 
and  linear  chains  is  not  so  marked  for  physically  realistic  values  of 
Thus,  the  ratios  F(^ f ,7) /F(^ ,0 , 1)  and  F^rCxC^ , g) ] /Ffk[X(^ , D ]  are  pro¬ 
bably  much  the  same  at  any  given  f,  and  7. 
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IV.  Dilute  Solution-Properties  of  Branched  Polymers.  Polystyrene  Trifunctional 
Star  Molecules  -  T.  A.  Orofino  and  Franz  Wenger 


An  article  bearing  this  title  has  been  published  in  J.  Phys. 
Chem.  566  (1963).  The  abstract  follows.  The  work  was  described  in 

ASD-TR  61-22,  Part  II. 


The  results  of  intrinsic  viscosity,  second  virial 
coefficient  and  related  thermodynamic  measurements  on 
samples  of  polystyrene  trifunctional  star  molecules 
are  reported.  These  branched  polymers  were  synthesized 
by  means  of  a  coupling  reaction  between  essentially 
monodisperse  polystyryllithium  and  l,2,4-tris(chloro- 
methyl)  benzene.  The  homogeneity  of  the  materials 
obtained  with  regard  to  molecular  weight  and  func¬ 
tionality  was  established  by  fractionation,  sedi¬ 
mentation,  and  absolute  molecular  weight  determina¬ 
tions.  Intrinsic  viscosities  and  second  virial  coef¬ 
ficients  in  both  poor  and  good  solvent  media  were 
found  to  be  less  for  these  materials  than  for  linear 
polystyrenes  of  comparable  molecular  weights.  The 
Huggins  viscosity  constant  k'  in  good  solvents  was 
unaffected  by  branching;  in  poor  solvent  media,  an 
augmentation  of  k'  with  branching  was  noted.  The 
results  of  these  and  other  dilute  solution  studies 
are  discussed  from  the  point  of  view  of  current 
theoretical  interpretations.  An  attempt  is  made  to 
extend,  them  in  applicability  to  more  general  branched 
polymer  systems. 
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V  Dilute  Solution  Properties  of  Linear  Polystyrene  in  0 -Solvent  Media  - 

T.  A.  Orofino  and  J.  W.  Mickey,  Jr. 

An  article  bearing  this  title  has  been  published  in  J.  Chem. 
Phys.  2512  (1963).  An  abstract  follows.  This  work  was  discussed 
in  ASD-TR  61-22,  Parts  II  and  III. 

Dilute  solution  parameters  descriptive  of  polymer 
coil  size  and  segment- solvent  interaction  have  been 
evaluated  for  each  of  three  polystyrene- solvent  systems 
at  various  temperatures  in  the  vicinity  of  the  0 -value 
characteristic  of  a  given  pair.  The  pure  solvents 
selected  for  these  studies  were  diethyl  malonate,  cyclo¬ 
hexane  and  1-chloro-n-undecane,  which  with  polystyrene 
display  0- temperatures  of  35.9,  34.8  and  32.8°C,  respec¬ 
tively,  as  ascertained  from  analyses  of  second  virial 
coefficient-temperature  relationships.  A  single  polymer 
sample  of  narrow  molecular  weight  distribution  was  em¬ 
ployed  in  all  investigations. 

Parameters  interpolated  for  each  polystyrene- 
solvent  pair  at  the  0 -temperature  of  the  system  are 
examined  from  the  point  of  view  of  the  specific 
influence  of  the  medium  on  coil  characteristics.  Dif¬ 
ferences  are  observed,  for  example,  among  the  intrinsic 
viscosity  values.  Accurate,  relative  comparison  of 
such  solution  properties  is  facilitated  through  use  of 
the  common  polymer  sample  and  intentional  selection  of 
pure  solvents  displaying  0- temperatures  in  proximity. 

The  complicating  effects  of  variable  molecular  weight, 
molecular  weight  distribution  and  temperature  per  se 
are  thus  conveniently  eliminated. 

Intrinsic  viscosity  and  second  virial  coefficient 
data  obtained  for  each  pair  at  various  temperatures 
near  0  are  examined  in  accordance  with  the  formal  func¬ 
tional  interdependence  predicted  by  certain'  theoretical 
treatments,  applicable  to  weakly  interacting  systems 
of  the  kind  here  investigated. 
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VI.  Dilute  Solution  Properties  of  Linear  Polystyrene  in  ©-Solvent  Media. 
II  -  T.  A.  Orofino  and  J.  W.  Mickey,  Jr. 


The  properties  of  polystyrene  in  selected  ©-solvents  have  been 
investigated  as  part  of  a  continuing  study  carried  out  over  the  past  few 
years  aimed  at  (a)  characterization  of  polystyrene  in  weakly  interacting 
media,  and  (b)  elucidation  of  temperature  and  solvent  effects  in  ©-systems. 
Results  concerned  with  an  earlier  phase  of  this  study  have  been  reported 
previously  (cf.  ASD-TR  61-22,  Part  III).  The  experimental  portion  of 
investigations  subsequently  undertaken  is  described  below,  together  with 
a  preliminary  analysis  of  properties  observed  for  the  various  systems. 


A.  Selection  of  Polymer- Solvent  Systems 

_  Evaluation  of  the  solution  properties  of  a  single  polystyrene 
sample  =  4.0  X  10^)  in  various  ©-media,  confined  initially  to  con¬ 
sideration  of  the  solvents  cyclohexane,  diethylmalonate  and  1-chloro-n- 
undecane,  has  been  extended  to  include  two  additional  media,  1-chloro-n- 
decane  and  1-chloro-n-dodecane .  Data  for  each  of  the  five  systems  may 
be  examined  individually  from  the  point  of  view  of  establishing  values 
for  "equivalent  chain"  or.  other  parameters  descriptive  of  the  polymer- 
solvent  pair.  In  addition,  selective  grouping  of  the  data  provides 

(1)  'a  set  of  three  diverse  systems  for  which  the  ©-values  are  virtually 
identical  (cyclohexane,  diethylmalonate  and  1-chloro-n-undecane) ;  and 

(2) '  a  second  set  of  three  systems  in  which  the  solvent  components  vary 
only  slightly  in  structural  and  chemical  characteristics  (1-chloro-n- 
alkanes) .  It  is  evident  that,  to  a  preliminary,  first  approximation, 
analysis  of  data  in  accordance  with  the  above  groupings  provides  an 
immediate  means  for  phenomenological  resolution  of  temperature  and 
specific  solvent  effects  in  polystyrene  ©-solvent  systems. 


B.  Experimental 

Phase  studies,  light  scattering  and  viscosity  measurements, 
and  auxiliary  determinations  were  carried  out  for  the -polystyrene- 1- 
chloro-n-decane  and  dodecane  systems  in  accordance  with  procedures 
described  earlier  (cf.  ASD-TR  61-22,  Part  III)  •  Suitable  modifications 
of  equipment  and  techniques  were  required,  however,  in  order  to  contend 
effectively  with  the  less  accessible  ©-temperatures  of  the  new  systems. 
As  before,  0  was  ascertained  for  each  polymer -solvent  pair  from  the 
second  virial  coefficient  (Tg)  ~  temperature  relationship,  established 
from  light  scattering  data  collected  at  various  temperatures,  scattering 
angles, and  polymer  concentrations,  the  operational  definition  of©  being 
taken  as  the  temperature  at  which  Fp  vanishes.  Intrinsic  viscosity 
measurements  were  carried  out  at  several  convenient  temperatures  in  the 
vicinity  of  0.  The  customary  plots  of  reduced  reciprocal  light  scatter¬ 
ing  intensities  and  reduced  specific  viscosities  versus  polymer  concen¬ 
tration  are  shown  in  Figs.  12-15.  Values  of  Fs  and  [rj]  derived  there¬ 
from  are  compiled  in  Table  X.  and  expressed  graphically  as  functions  of 
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(In 


Plots  of  Tlgp/c  (open  circles)  and  (In  versus  c  (g/dl) 

for  tlie  system  polystyrene*"l“'clilorO"n-decane  at  various 
temperatures . 


;  (In  ')7rel)/c 


Table  X 

Intrinsic  Viscosity  and  Second  Virial  Coefficient  Data 
for  Polys tyrene-0- Solvent  Systems 


1-chloro-n-decane  1-chloro-n-dodecane 

dl/g  t°c  r2  [ill,  dl/g 


20.21 

18.00 

14.38 

12.97 

8.81 

7o95 

4.19 

3.02 


14.5 

8.2 

2o9 

-3.6 


0.547 

0.527 

0.503 

0.479 


64.96 

60.97 
60.85 
57.00 

56.99 

53.99 
53.00 

50.99 
49.08 


5.6 

1.8 

-1.6 

-5.4 

-11.5 


0.523 

0.508 

0.499 

0.488 
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temperature  in  Figs.  16  and  17.  ([i^]  "  T  relationships  for  all  five 

solvent  systems  are  shown.)  Properties  of  the  polymer- solvent  systems 
at  0,  together  with  physical  data  for  the  solvents,  are  collected  in 

Table  XI. 


C.  Discussion 


Analysis  of  the  foregoing  results  in  accordance  with  the  grouping 
of  polymer- solvent  pairs  suggested  above  (A)  leads  to  the  following  observa' 
tions"  (1)  0- temperatures  for  the  cyclohexane,  diethyl  malonate,  and  1- 
chloro-n-undecane  systems  are  virtually  identical,  whereas  the  correspond¬ 
ing  intrinsic  viscosity  values  differ  significantly. _  Specific  effects  of 
the  solvent,  disassociated  from  concomitant  changes  in  0  usually  accompany¬ 
ing  alteration  in  the  medium,  are  thus  unambiguously  demonstrated  to 
influence  dimensions  of  the  polystyrene  coil  at  0;  (2)  to  the  extent  that 

relative  solvent  effects  in  the  structurally  similar  1-chloro-n-decane, 
-undecane  and  -dodecane  systems  may  be  presumed  negligible,  observed 
changes  in  [n]a  with  0 -temperature' of  the  three  polymer-solvent  pairs^ 
indicate  a  small,  positive  thermal  coefficient  of  unperturbed  chain  dimen¬ 
sions  for  polystyrene.  This  interpretation  is  examined  in  more  detail 
in  a  separate  study  (cf.  Section  II) . 


The  judicious  selection  and  classification  of  0-systems  con¬ 
sidered  above  provides  a  useful  scheme  for  the  approximate  resolution  and 
assessment  of  temperature  and  solvent  effects.  A  more  sophisticated 
analysis  of  general  applicability  is  clearly  required,  however,  if  the 
latter  perturbations  are  to  be  meaningfully  correlated  with  detaUed  charac¬ 
teristics  of  the  polymer- solvent  pairs.  The  evaluation  of  descriptive 
chain  parameters,  next  considered,  provides  a  basis  for  some  further  con- 
siderations . 


The  polystyrene  molecule  in  each  medium  at  temperatures  near  0 
is  considered  to  be  representable  by  an  equivalent  chain  of  n  flexible 
links  of  length  b  and  (excluded)  volume  (3.  The  latter  parameter  is  zero 
at  T  =  0  and  is  assumed  to  be  adequately  represented  at  other  temperatures 
through  the  formulation  Pod  “  ©A),  where  Pq  ^ay  be  temperature  dependent. 
Alteration  of  equivalent  chain  parameters  in  a  given  system,  and  properties 
dependent  thereon,  is  assumed  to  occur  solely  through  the  temperature 
dependence  of  P  and  b .  The  following  set  of  equations  suffices  to  fix 
the  values  of  the  various  chain  parameters  at  T  -  0  in  terms  of  observable 

quantities . 


[q]  ~  (r^)^/V;  2.4<p<3 


■0 

,2 


nb 


a 


=  rV^o  =  1  +  (4/3)z  +  O(z^) 


(64) 

(65) 

(66) 
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o  1-Chloro-n-decar 
•  1-Chloro-n-dode( 
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Figure  17  Plots  of  [tj]  versus  T  -  0  for  five  polystyrene-g-solvent  systems 


^  /I 


LtlW 


(e)  These  values  represent  slopes  extrapolated  from  the  region 
from  those  quoted  in  the  publication  (see  Section  V) . 

(f)  See  explanatory  note  in  publication  cited  in  Section  V. 


n^p(NQ/2M)(l  +  0(z)) 

(67) 

(3/2rt)^/Vp/(nb^)^/^ 

(68) 

Pq(T)(1-0/T) 

(69) 

T(r2)lr2=o 

(70) 

nb  =  (2k  ““  1)  d 

(71) 

Symbols  in  the  above  relationships  are  defined  as  follows:  r  is  the  ^ 
mean-square  separation  of  polymer  chain  ends,  the  subscript  zero  denoting 
values  at  T  =  0;  a  is  the  factor  by  which  chain  dimensions  are  expanded 
as  a  consequence  of  excluded  volume  effects;  Nq  is  Avogadro's  number;  M 
is  polymer  molecular  weight;  L  is  the  contour  length  of  the  polymer 
molecule;  k  is  the  number  of  styrene  units  in  the  polymer  chain;  and  d 
is  the  C-C  bond  distance  in  the  molecule. 

The  equivalent  chain  parameter  combinations  nb,  n  {3q  and  nb 
may  be  obtained  from  experimental  data  treated  in  accordance  with  Eq.  (71) 
and  the  following  Eqs .  (72)  and  (73),  respectively. 


(nb^)^/^  =  p[Tl]a(3/2«)^^^(Ma  /N  ) 


n  Pq  =  (20M/NQ)(dr2/dT)Q 

(dr2/dT)Q/(d[T^]/dT)^ 


(72) 


1  -  (3/2)  (d  In  rg/dT)Q/(d  In  [ril/dT) 

4/3 


The  results  of  calculations  from  the  latter  relationship,  expressed  as  the 
quantity  ^/M,  are  compiled  for  each  polystyrene- solvent  system  in  Table 
XII.  The  quantity  d  In  rf/dT  required  has  been  taken  as  +  0.4  X  10 
(see  Section  II,  above);  for  comparison,  calculations  have  also  been 
carried  out  for  the  value  zero . 

Individual  values  for  the  three  "equivalent  chain"  parameters  n, 
b,  and  Pq  are  entered  in  Table  XIII. 

It  is  evident  from  the  entries  in  Table  XII  that  reasonable 
estimates  of  polymer  chain  dimensions  may  be  ascertained  through  the 


(73) 
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Table  XII 
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uivalent  Chain  Parameters  for  Polystyrene-0-Solvent  Systems 
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indirect  procedure  described.  The  results  for  rg/M,  particularly  if  p 
is  taken  less  than  3,  compare  favorably  with  the  generally  accepted 
value,  about  0.50  +  0.05  x  10"^®.  Possibly  also  significant  is  the  trend 
of  with  temperature  for  the  chloroalkane  solvents,  in  agreement  with 
the  observed  trend  in  [ti]0  for  these  three  polymer- solvent  systems.  The 
relatively  large  size  of  the  polystyrene  coil  in  cyclohexane,  indicated 
by  the  corresponding  [t|]0  value,  is  much  less  apparent  in  the  magnitude 
of  r^  derived,  however. 

From  the  point  of  view  of  the  specific  influence  of  solvents, 
the  most  striking  results  of  this  study  are  the  large  values  of  [rile, 
(d[Ti]/dT)0,  and  (dr2/dT)0  displayed  by  the  polystyrene-cyclohexane  pair. 
The  relatively  large  value  of  Pq  (Table  XIII)  is  compatible  with  augmen¬ 
tation  of  both  molecular  size  and  its  temperature  coefficient  in  this 
system.  Thus,  in  the  environment  of  compact,  approximately  spherical 
cyclohexane  molecules,  the  polystyrene  chain  is  prevented  from  assuming 
a  large  number  of  conformations,  involving  segment- segment  proximity, 
which  would  be  attainable  in  a  medirjm  comprised  of  linear  solvent  mole¬ 
cules.  Excluded  volume  effects  are  accordingly  larger  in  the  former 
system,  in  a  particular  sense,  even  at  T  =  0 .  Since  all  of  the  remaining 
four  solvents  examined  here  belong  to  the  chain-like  category,  the  unique 
augmentation  of  coil  size  in  the  cyclohexane  system  can  at  least  be 
rationalized.  Similarly,  the  temperature  coefficient  of  size  near  0, 
proportional  to  the  excluded  volume  parameter  Pqj  should  be  greatest  in 
those  systems  in  which  the  polymer  chain  is  already  relatively  expanded 
in  an  attempt  to  conform  to  restrictions  imposed  by  the  solvent  medium. 
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VII.  Thermodynamic  and  Conformation  Properties  of  Polystyrene  in  Decalin 
G.  C.  Berry 


A.  Introduction 

The  study  of  dilute  solution  thermodynamic  properties  of  the 
system  polystyrene-decalin  described  in  the  previous  report  (ASD-TR  61-22, 
Part  III)  has  been  continued  and  extended  to  include  initial  investiga¬ 
tion  of  branched  structures. 

A  general  discussion  of  this  subject  may  be  found  in  the  report 
cited  above.  We  will  introduce  only  those  relations  for  which  there  will 
be  specific  need  below. 

The  scattering  from  a  dilute  polymer  solution,  including  both 
inter-  and  intraparticle  interference,  may  be  expressed  as 


Q(u,c)  -  (r2P(u,0))"^  c 

+  0(c^)|  (74) 


Here  u  =  (4rt/A')^  sin  (0/2);  Rg  is  the  Rayleigh  ratio  at  angle  0;  Kg 
is  an  angle  dependent  constant  for  a  given  system;  c  is  the  concentration 
(g/ml) ;  M  is  the  molecular  weight;  Fs  is  the  second  virial  coefficient; 

A*  is  the  wavelength  of  light  in  the  medium;  P(u,c)  is  che  intramole¬ 
cular  scattering  factor  at  concentration  c,  normalized  to  unity  at  zero 
angle--  P(u,0)  is  usually  denoted  simply  by  P(u)  or  P(0)--and  Q(u,c)  is 
a  scattering  factor  depending  on  both  inter-  and  intraparticle  inter¬ 
ference  effects,  and  also  normalized  to  unity  at  0  =  0 .  We  are  concerned 
primarily  with  the  analys is  of  the  data  to  yield  Fsj  or  Ag,  a.nd  the  mean 
square  radius  of  gyration  s^ .  The  former  may  be  obtained  from  data  extra¬ 
polated  to  0  =  0  while  the  latter  may  be  derived  from  data  extrapolated 
to  c  =  0 . 

B.  Experimental 

1.  Materials.  Solvents:  The  cis,  trans,  and  cis-trans  mixtures 
of  decalin  were  obtained  by  distillation  under  partial  vacuum  after  treat¬ 
ment  with  silica  gel.  Isomeric  compositions  were  determined  by  gas-liquid 
chromatography  as  given  in  Table  XIV. 

Cyclohexane  was  purified  by  a  procedure  similar  to  that  used  for 
the  decalin*. 

Linear  Polymers:  The  linear  polyst^ene  samples  listed  in  Table 
XV  were  all  prepared  by  anionic  polymerization".  Samples  A- 5,  A- 16  and 


V 


MP(u,0) 


1  +  2r2P(u,0) 


*It  was  found  that  reagent  grade  cyclohexane  is  often  highly  fluorescent. 
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Table  XIV 


Isomeric  Decalin  Mixtures 


Solvent  Code 

7o  cis 

7o  trans 

1 

51.4 

48.4 

2 

61.7 

38 .3 

3 

66.1 

33.9 

4 

>99.9 

0 

A- 30  were  fractionated  into  three  parts  and  the  center  fraction  was  used 
here.  In  the  other  cases,  the  whole  polymer  was  used.  The  polymers  were 
freeze  dried  from  benzene  solution  and  evacuated  at  ca.  10"  mm  Hg  for 
several  days. 

Branched  Polymer:  The  tetr afunctional  star- shaped  branched 
polymer  was  prepared  by  anionic  polymerization.  Linear  polymer  of  mole¬ 
cular  weight  M  was  terminated  with  1,2, 4, 5  tetrachloromethyl  benzene  by 
methods  discussed  fully  in  the  previous  report.  Unfortunately,  the 
primary  reaction  does  not  take  place  stoichiometr ically  at  these  mole¬ 
cular  weights;  and  thus,  the  polymerization  product  contains  polymers  of 
molecular  weight  M,  2M,  3M,  4M  and  small  amounts  of  higher  molecular 
weight  material  (here,  polymers  with  molecular  weight  3M,  4M,  etc.  are 
tri-star,  tetra-star,  etc.).  Fractionation  proved  difficult  because  of 
the  high  molecular  weights  involved,  and  because  branching  tends  to  increase 
solubility.  Accordingly,  multiple  refractionations  were  required  to 
separate  the  desired  tetra-star  product.  The  precipitation  fractionation 
was  effected  in  a  benzene-methanol  solution.  In  every  case,  sufficient  ^ 
methanol  was  added  to  reach  the  cloud  point,  the  solution  was  heated  3-5°C 
until  clear,  and  then  cooled  slowly  to  a  temperature  0.1°  to  1°  below 
the  initial  temperature,  depending  on  the  size  of  the  fraction  desired. 
Fractions  were  recovered  from  benzene  solution  by  freeze-drying.  The 
fractionation  scheme  is  shown  schematically  in  Fig.  18.  Representative 
sedimentation  velocity  patterns  for  some  of  these  samples  are  given  in 
Fig.  19.  Fig.  19a  shows  superimposed  patterns  for  the  bulk  polymer  and 
the  starting  materials  used  for  the  branches.  Figs.  19b  and  19c  illustrate- 
the  composition  of  initial  fractions  still  containing  some  polymer  of  2M 
and  3M  in  addition  to  the  desired  4M  species,  but  with  most  of  the  polymer 
of  weight  Mjremoved.  Fig.  19d  shows  the  sample  after  further  concentra¬ 
tion  of  the  2M,  3M  and  4M  products.  Figs.  19e  and  19f  show  further  frac¬ 
tions  in  which  the  2M  peak  is  almost  absent  and  the  3M  peak  is  diminished, 
in  addition,  polymer  of  molecular  weight  >4M  can  now  be  seen.  Figs.  19g, 
19h,  and  19 i  show  three  of  the  final  fractions.  Comparison  of  the  sedi- 
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Table  XV 


Theta  Solvent  Parameters  for  Polystyrene  in  Decaliai_ 


Sample 

a 

Solvent 

0^ 

10 

w 

10^°(s^)q 

-18  f  2  y  X 

10  (s  /M)q 

Linear  Polymers 

A-30 

2 

15. 2° C 

4.84 

0.455 

9.40 

A-30 

CH 

4.81 

0.464 

9.63 

A-5 

1,2 

15.4 

1.74 

0.132 

7.58 

A-5 

CH 

-- 

1.74 

0.121 

6.93 

A-18 

CH 

-- 

1.46 

0.0990 

6.77 

A-17 

CH 

-- 

1.32 

0.0928 

7.03 

A-16 

2 

15.2 

1.15 

0.0772 

6 . 66 

A- 16 

CH 

-- 

1.16 

0.0722 

6.23 

A-19 

4 

12.2 

0.701 

0.0463 

6.60 

A-19 

CH 

0.689 

0.0484 

7.04 

L-IO 

CH 

-- 

0.685 

0.0463 

6.76 

A-48 

CH 

-- 

0.433 

0.0305 

7.04 

A-13 

2 

15.0 

0.205 

0.0158 

7.69 

A- 13 

CH 

-- 

0.200 

-- 

“  “ 

A-3 

4 

12,0 

0.138 

-- 

-  - 

A-3 

CH 

-- 

0.135 

-- 

— 

A- 25 

3 

14.2 

0.0530 

“  *“ 

Tetrafunctional  star 

polymers 

A-48-p4-2 

4 

12.1 

1.90 

0.0832 

4.37'^ 

C 

A-48-P4-2 

CH 

-- 

1.85 

0.0802 

4.33 

^See  Table  XIV,  CH  =  cyclohexane. 

’"e  not  determined  here,  but  taken  as  34. 8° C  for  cyclohexane. 

^Multiply  by  to  compare  with  the  above:  g  =  0.625;  10^^(s  /gM)  =  6.94. 
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start 

37.7g 


(I) 


~n  , 

8.4g  (E)  13.5g  (HI) 

15.8g 

. 1~^ .  . ^ 

(A-48-P4;5) 

Figure  18  Fractionation  scheme  for  the  star-shaped  branched  polymer. 

Figures  in  the  boxes  give  weights  of  material  recovered. 

The  captions  may  be  used  to  correlate  this  diagram  with  the 
sedimentation  velocity  patterns  exhibited  in  Figure  19. 
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mentation  constants  for  the  peaks  in  the  last  three  figures  indicates 
that  they  are  all  the  same  species.  The  fraction  A-48-P4;  2  studied  here 
is  essentially  free  of  material  of  molecular  weight  below  4M,  but  con¬ 
tains  small  (<  1%)  amounts  of  branched  polymers  of  higher  functionality. 

2.  Methods .  The  experimental  procedure  used  to  obtain  and 
analyze  the  light  scattering  data  is  described  fully  in  the  previous 
report.  It  was  shown  there  that  extrapolation  of  |  versus 

u  for  data  at  c  =  0  yields  a  better  estimate  for  "s^  than  extrapolation 
of  versus  u  as  is  usually  done.  Extrapolation  of  |  versus  c  for  data 
at  u  =  0  has  long  been  known  to  yield  better  estimates  for  As  and  is  the 
technique  used  here. 

The  possibility  that  the  isomeric  solvent  mixture  (cis  and  trans 
decalin)  might  affect  the  analysis  of  the  light  scattering  data  for  M, 

"F  or  As  through  modification^^  of  Kq  was  investigated  by  determining  the 
scattering  from  a  polystyrene-decalin  solution  as  a  function  of  isomeric 
composition,-  Any  effect  on  Kq  of  varying  solvent  composition  should 
appear  as  a  variation  in  apparent  M  with  solvent  composition.  The  results 
given  in  Fig.  20  indicate  no  such  trend.  Also  included  in  Fig.  20  is  the 
theta  temperature  as  a  function  of  solvent  composition.  In  no  case  does  0 
rise  to  the  value  31°C  reported  by  some  other  investigations^®’  ■57'^^® 
value  of  19.8  C  at  23%  cis  reported  by  Okada,  Toyoshima  and  Fujita®  is, 
however,  in  good  agreement  with  our  results. 

A  calculation  of  P(u)  for  star-shaped  branched  chains  has  been 
carried  out  to  facilitate  extrapolation  of  =  g  versus  u  to  obtain  (s^) . 
The  results  yield 


P^(2u/gp)  -  P^(u/gp)  (75) 

for  a  chain  with  p  branches  where  g  is  the  ratio  of  the  mean  square  radii 
of  branched  and  linear  chains  of  molecular  weight  M  and  P^  designates  the 
particle  scattering  function  for  a  linear  chain: 

P^(x)  =  [x-1  +  exp  (-x)]  (76) 


Eq.  (75)  may  be  rewritten  as 

2  r  *^j 

p^^(u)  +  P(P-3)  +  p(p-l)  -2p(p-2)  e^p(-^)''  (77) 

5  8 

which  agrees  with  the  special  case  (p=4)  obtained  by  Benoit 

Determinations  of  polymer  concentrations  in  decalin  were  checked 
by  infrared  absorption,  in  addition  to  methods  cited  in  the  previous 
report.  The  absorption  at  698  cm"^  does  not  strictly  obey  Beer's  law  for 
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Wt  %  cis 


Figure  20  Variation  of  0  with  solvent  composition  for  cis-trans 
mixtures  of  decalin.  Constancy  of  apparent  molecular 
weight  with  solvent  composition. 


low  concentrations,  but  a  calibrated  curve  can  be  used  to  determine  the 
concentration  from  the  absorption. 


Light  scattering  measurements  have  been  made  for  at  least 
concentrations  in  every  case,  over  a  temperature  interval  of  ca.  100  C, 
and  for  angles  from  18°  to  135°.  The  principle  parameters  extracted  from 
the  light  scattering  data  are  the  molecular  weight,  the  second  virial 
coefficient,  and  the  mean  square  radius  of  gyration  calculated  respectively 

as 


where 


M  = 


lim  = 

c,u=0 


lim 

c,u=0 


Sc 


“2 

s 


2 


lim  ■ 
c,u=0 


Sg  /Su* 

^0 


I  •  2  fOs 

u'  =  sin 


The  slight  temperature  variation  in  Kg  is  accounted  for  by 
^0f03^37xng  all  data  to  molecular  weights  calculated  at  25  C. 

Molecular  weights  in  cyclohexane  (dn/dc  =  0.181)  are  consis¬ 
tently  10%  higher  than  those  in  decalin  (dn/dc  =  0.131),  probably  because 
of  errors  in  one  or  both  of  the  values  used  for  dn/dc.  Consequently, 
all  molecular  weights  reported  here  are  referred  to  measurements  in 
cyclohexane  at  34.8°C. 


C.  Results 

The  parameters  determined  under  theta  conditions  are  listed 
in  Table  XV.  Data  as  a  function  of  temperature  are  given  in  Table  XVI 
and  in  Figs.  21  and  22.  The  extrapolations  to  obtain  s  are  most  un¬ 
certain  when  becomes  so  small  (s  ~  2  x  10"^®  cm^)  that  the  initial 
slope  (S|^u')c  u=0  cannot  be  determined  accurately  or  when  the  shape 
of  P"^/^(u)  is  such  that  initial  slope  is  not  accurately  determined  over 
the  span  of  angles  available  (18°  to  135°).  The  latter  situation  arises 
for  large  "s^  Cs^  >  4  X  10"^^  cm^)  or  for  some  branched  structures. 

The  ratio  10^®  (I^/M)©  is  taken  as  7.0  for  all  calculations 
here.  The  effects  of  molecular  weight  heterogeneity  are  ignored  for 
these  nearly  homogeneous  samples.  The  principal  deviation  occurs 
the  highest  molecular  weight  polymer  A-30.  It  is  not  yet  clear  if  this 
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Table  XVI  (continued) 
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Figure  21  Dependence  of  the  sec( 
temperature  for  sampli 
A-13,  A-3,  J9;  A-25 
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Figure  22  Dependence  of  the  expansion  factor =  s^/s^0  on  temperature  for 
various  samples.  The  symbols  are  defined  in  Figure  21. 


reflects  a  real  variation  in  (  s^/M)f)  ,  or  if  a  systematic  error  was  made 
in  the  extrapolations  to  obtain  s^  for  A- 30.  This  would  have  the  most 
effect  on  and  less  on  r2  and  M. 

The  term  in  square  brackets  in  Eq.  (75)  involving  Q(u,c)  and 
^ p c  is  principally  due  to  intramolecular  interference,  although  Q(u,c) 
also  includes  some  terms  due  to  intermolecular  interference  in  the 
scattered  radiation.  The  data  here  suggest  that  the  bracketed  term  is 
never  far  from  unity.  This  being  the  case,  further  investigation  has  not 
been  attempted. 


D.  Discussion 

1 .  as  a  function  of  molecular  weight  and  temperature . 

The  statistical  theories  for  Fa  and  s'^  and  the  relation  of  the  statisti¬ 
cal  chain  parameters  to  the  macroscopic  thermodynamic  properties  were 
discussed  in  the  previous  report.  .The  statistical  model  consists  of  an 
equivalent  chain  of  n  freely  rotating  segments,  each  of  mean  square 
length  bo^.  In  general,  n  is  less  than  the  degree  of  polymerization 
and  bo  is  greater  than  the  distance  between  adjacent  atoms  along  the 
chain.  It  is  assumed  that  multiple  interactions  between  the  segments 
can  be  represented  as  additive  pairwise  and  that  the  solvent  can  be 
treated  as  a  continuum  whose  properties  may  be  accounted  for  by  the  use 
of  suitable  average  interaction  potentials.  This  type  of  model  has  been 
studied  at  various  levels  of  mathematical  rigor  and  yields  the  general 
result . 

=  4NQrt^/^A^zF'(z)  (78) 

where  z  =  BA'V^^ 

•  ■  -’'la 

6A^  =  6(P/M)q  =  (n/M)bg^ 

The  temperature  dependence  of  A2  resides  in  the  excluded  volume  parameter 
B  which  may  be  approximated  (rigorously  in  the  limit  z  =  0)  as 


B  =  Bq(1  -  0/T)  (79) 

Unfortunately,  experimental  methods  do  not  yield  the  parameters 
(n/M),  bf.  or  but  only  the  products  (n/M)b  ^  and  (n/M)^P0  unless 

further  assumptions  are  made*.  Thus,  a  direct  evaluation  of  p  for 

*For  example,  the  Kuhn  approximation  that  the  contour  length  of  the  real 
chain  is  identical  to  that  of  the  equivalent  chain  . 
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T  ^  0  does  not  appear  feasible  unless  a  relation  such  as  Eq.  (79)  is 
assumed.  We  here  assume  that  Eg.  (79)  will  hold  for  T  ^  0  and  reserve 
further  comment  until  after  the  a^-As-T-M  data  have  been  analyzed. 

All  the  parameters  in  Eq.  (78)  may  be  determined  experimentally. 
Thus,  0  is  the  temperature  for  which  Ag  =  0;  initial 

slope  [SAg/Sd  -  0/T)]t  =  05  A^  is  the  ratio  (■^)o/M;  and  values  of  Ag 
and  are  of  course  known  empirically  as  functions  of  temperature  and 
molecular  weight.  The  numerical  parameters  for  polystyrene-decalin  used 
to  analyze  these  data  read 


=  0.249  zF'(z) 
z  =  0.01023  (1  -  0/T) 


The  values  of  0  are  listed  in  Table  XV;  10^NQ(n^PQ/2M^ )  -  2.55  and  10^®  A^ 
7.0.  No  trend  in  either  0  or  n^PQ/2M^  with  molecular  weight  was  detected. 
The  observed  value  of  0  for  A-25  may  indicate  the  onset  of  a  decrease  of 
0  with  M,  but  the  deviation  is  barely  outside  experimental  error  for  this 
molecular  weight.  Fig.  23  shows  the  plot  of  k^/'S'iz)  versus  (1  -  0/T)* 
used  to  compute  values  of  the  constants  entering  into  the 

expression  for  z  (except  M,  0  and  T)  do  not  affect  the  test  for  super¬ 
position  of  the  kz  data  as  a  function  of  z  since,  at  this  stage,  no 
numerical  comparison  of  theory  and  data  is  being  made. 


An  assumption  concerning  the  temperature  dependence  of  A^  is 
required  in  this  analysis  since  in  general  the  unperturbed  dimensions 
will  depend  on  temperature.  The  extensive  investigation  of  A  (T)  for 
polystyrene  given  above  by  Orofino  and  Ciferri,  in  which  data  on  bulk 
polymer  and  on  dilute  solutions  near  0  and  for  T  >  0  are  examined 
(including  data  on  the  temperature  dependence  of  [q]  in  some  polystyrene- 
decalin  given  in  the  next  section)  suggests  that  dA^/dT  is  slightly 
positive,  in  contrast  to  the  large  negative  values  previously  reported. 
The  effect  of  even  a  relatively  large  dA^/dT  is  small  and  so  the  small 
dA^/dT  is  ignored  here.  The  general  conclusions  reached  are  unaffected 
by  this  neglect**. 


*This  initial  slope  may  be  determined  by  first  plotting  Ag  against 
(1  -  0/T)  to  determine  an  estimate  for  This  estimate  can  then 

be  used  to  plot  A2/F'(z)  against  (1  -  ©/T)  to  obtain  an  improved  estimate 
for  n^Pn/^^  since  this  plot  will  exhibit  linearity  for  larger  values 
of  (1  -  0 /T) .  Any  of  the  relations  (Eqs.  81-85,  below)  may  be  used^here 
with  equivalent  results.  The  first  and  second  estimates  for  n  Pq/M 
usually  agree  satisfactorily. 

**Also  neglected  is  a  possible  temperature  dependence  of  n^Po/M^  ^ich 
results  if  n^Po/^^  is  interpreted  in  terms  of  lattice  theories  This 

effect  is  neglegibly  small  for  the  system  polystyrene-decabin,  if  in 
fact  is  should  be  included. 
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Fig.  24  shows  a  plot  if  versus  z  for  all  of  our  data. 

Some  data  for  polystyrene  in  cyclohexane  are  also  included  for  comparison 
The  curve  was  subjectively  drawn  to  fit  the  data  and  does  not  derive  from 
an  analytical  expression  for  F'(z)-  We  consider  the  data  to  support  the 
basic  model  in  its  prediction  that  the  single  parameter  z  should  suffice 
to  correlate  data  at  different  molecular  weights  and  temperatures.  More¬ 
over,  the  simple  temperature  dependence  for  B  assumed  by  Eq.  (79)  for 
z  >  0  appears  to  be  adequate  for  these  data. 

2.  Approximate  theories  for  Ap  in  good  solvents .  The  calcu¬ 
lation  of  F'(z)  with  mathematical  rigor  on  the  basis  of  the  equivalent 
chain  model  has  not  proved  feasible  except  in  the  limit  of  small  z. 
Approximations  yield  a  function  F(^)  =  F'(z)  in  Eq.  (78),  with  the  exact 
form  for  F(Q  depending  on  the  assumptions  made  in  its  derivation.  Here, 
5  =  (z/a®)  where  =  "s  /s^O  termed  the  expansion  factor.  Thus, 

Eq.  (78)  may  be  recast  to  read 


A  q/2  8 

^  Nq  k  ^  F(0  (80) 

or 

The  functions  for  F(^)  to  be  examined  here  are  given,  by 
several  theories,  as: 

F(0  =  1  -  2.865  ^  +  9.73  +  0(^^) 

F(0  =  (1/2.30  O  In  [1  +  2.30 

F(0  =  (1/5.73  O  In  [1  +  5.73 

F(0  =  (1/5.68  P  [1  -  exp  (-5.68  ^)] 

F(0  =  (1/5.68  ^2)  -  exp  (-5-68  ^2)] 

where 

o  5  3  5  3 

^2  =  z/a2  ;  a  -  a  =  —  (02  -  a2  ^ 


(81) ®o 

(82) ®^ 

(83) 

(84) ^® 

(85) 4® 


and 


K  =  1.9 
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Figure  24  k^l -  as  a  universal  function  of  the  thermodynamic  parameter 
z.  The  light  line  is  the  theoretical  initial  slope;  the  bold 
line  is  an  empirical  fit  to  these  data.  The  points  are 
identified  as  in  Figure  21. 


Eq.  (81)  results  from  a  rigorous  treatment  of  the  equivalent  chain  model, 
but  is  limited  to  ^  near  zero.  Eqs.  (82),  (84)  and  (85)  are  based  on 
different  approximations  which  are  discussed  in  the  references  cited. 

Eqs.  (84)  and  (85)  both  yield  the  correct  behavior  for  ^  F(^)  to  the 
term  of  order  as  a  result  of  the  nature  of  the  approximations  made  in 
their  derivation,  whereas  Eq.  (82)  does  not.  Eq.  (83)  is  obtained  from 
Eq.  (82)  by  arbitrarily  adjusting  the  constant  to  force  agreement  with 
Eqs.  (81)  to  order  The  approximations  made  in  the  derivation  of 

Eqs.  (84)  and  (85)  may  be  expected  to  be  most  reasonable  the  smaller  is 
whereas  those  made  in  the  derivation  of  Eq.  (82)  are  not  so  weighted. 

Analysis  of  kp_  in  terms  of  the  approximate  theories  proceeds 
according  to  Eq.  (80) .  Hence,  in  Fig.  25  the  product  AgM  /  jd  is 
plotted  against  ^ .  The  data  are  seen  to  be  in  good  agreement  with  the 
theories  of  Casassa  and  Markovitz^  and  Casassa  ,  et  least  for  ^  >  0.5. 
For  ^  >  0.5,  the  general  shape  predicted  by  Eqs.  (84)  or  (85)  is  observed, 
but  a  somewhat  higher  asymptotic  limit  is  suggested.  This  behavior  is 
consistent  with  the  nature  of  the  approximations  made  in  the  derivation 
of  Eqs.  (84)  or  Eq.  (85)  since  the  assumptions  ought  to  become  less 
satisfactory  as  ^  increases.  It  may  be  remarked  that  any  possible  tem¬ 
perature  dependence  of  A^  can  be  properly  ignored  in  this  analysis. 

It  is  to  be  emphasized  that  no  arbitrary  parameters  have  been 
introduced  in  this  analysis  since  0,  A^  and  were  determined 

directly. 


The  apparent  attaixiinent  of  a  (nearly)  constant  value  for 
for  ^  >  ca.  0.6  is  interesting  and  requires  further  comment. 
This  product  is  predicted  to  attain  such  a  limit  by  some  of  the  appro¬ 
ximate  forms  for  F(^),  Eq.  (85)  yielding  a  value  of  3.052  x  10 
example.  The  observed  value  seems  somewhat  higher,  ca.  4.03  x  10  ,  A 

possible  procedure  for  determining  n^p/2M^  in  good  solvents  from  iso- 
thermal  Ag-M  data  without  the  assumption  of  any  a^(z)  relation  would 
be  to  plot  A2MV7q:%3  =  A2M7(^)^/2  g' =  B  m2/(^)V2 

and  adjust  the  parameter  B  until  the  data  coincided  with  a  plot  of 
Eq.  (80)  computed  for  some  choice  of  F(7  believed  to  be  correct. 
Determination  of  B  then  yields  n7/M^;  and  if  B  is  determined  at 
several  temperatures,  a  plot  of  B  versus  1/T  will  yield  n  Po/^  and  0. 
However,  if  the  solvent  is  so  good  that  ^  >  ca.  1.0  over  the  molecular 
weight  range  examined,  then  clearly  this  procedure  cannot  be  used  owing 
to  the  asymptotic  behavior  of  ^F(7'  Such  agpears  to  be  the  case  for 
polystyrene  in  dichloroethane  for  M  >  5  x  10  ,  for  example  ,  where 
^2^2/ ( s^)  has  a  nearly  constant  value  of  ca.  4.2  x  10  .  Other  data, 

for  example,  polyvinyl  .acetate  in  butanone  or  trichlorobenzene  exhibits 
a  trend  for  from  2.8  to  4.0  x  10^4.  The  close  agreement 

of  the  limiting  values  observed  for  k^l^loL^b?  for  our  data  and  the  data 
in  these  good  solvents  for  high  molecular  weight  samples  is  gratifying. 


1/2 

It  may  be  remarked  that  our  empirical  curve  for  A2M  /  versus 
z  may  be  employed  to  determine  Bq  and  0  instead  of  versus  ^ 

provided  sufficient  data  exist  for  A2M^/^  <0.2  to  accurately  determine 
B.  This  implies  data  at  low  molecular  weights  in  good  solvents.  For 
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Figure  25  k^/^/OL^  as  a  function  of  the  thermodynamic  parameter  z/oi^.  The  lines  are 

drawn  according  to  (I)  Equation  82;  (IT)  Equation  83;  (III)  Equation  84; 
and  (IV)  Equation  85.  The  symbols  are  defined  in  Figure  21  except  for  0, 
which  is  for  data  given  in  Ref.  54. 


since  lO^Aa  ~  59.4  for  polyvinyl  acetate  in  trichlorobenzene®^, 

this  would  require  data  for  M  <  4.5  X  10^  in  order  to  determine  B. 
Incidentally,  if  such  data  were  available,  then  determination  of  A2(M) 
for  higher  molecular  weight  polymers  would  enable  more  of  the  function 
ApM^/^  versus  z  to  be  determined.  We  may,  in  fact,  study  our  fractions 
in  the  good  solvent  toluene  in  order  to  extend  the  empirical  curve  given 
in  Fig.  24  to  still  larger  z. 

3.  Ap  for  branched  polymer s .  The  analysis  for  branched 
structures  followsTTosely  that  given  for  linear  chains.  One  does  not, 
however,  expect  superposition  of  these  data  for  a  plot  of  AgM  /  versus 
z  since  F'(z)  is  specific  for  each  structure.  On  the  other  hand,  data 
for  all  tetrafunctional  star  polymers  of  different  molecular  weights 
ought  to  superpose,  etc. 

Similarly,  Eq.  (80)  is  expected  to  hold  if  the  proper  expres¬ 
sion  for  F(0  fs  employed.  The  parameter  retains  the  definition 
given  above  in  this  discussion  and  so  pertains  to  dimensions  of  linear 
chains.  Some  expressions  for  F(0  for  tetrafunctional  star  polymers 
are  given  by 


where 


F(0  =  1  -  3.873  ^  +  0(^^)  (86) 

F(0  =  (g^^^/2-30  O  In  [1  +  2.30  (87) 

F(0  =  (1/7.55  O  [1  -  exp(-7.55  01 

F(0  =  (1/7.55  [1  -  exp(-7.55  (89) 


^2  =  2/^2  ;  a-  Ci=  (.0^2  -0^2) 


and 


K  =  2.127*;  a^  =  1.342 


Eq.  (86)  is  the  rigorous  expression  calculated  above  (in  Section  III). 
Eq.  (87)  follows  directly  from  Eq.  (82)  since  there  is  nothing  in  the 


*Here  K  is  calculated  icrom  first  order  perturbation  theory  for  the 
expansion  of  the  mean  square  distance  from  the  branch  center  for  a 
structure  with  2p  branches,  after  a  suggestion  of  Casassa  .  The 
general  result  for  star-shaped  polymers  is 


H  +  (2p-l) 


'202  vr  -276^1 

I  «  li 
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derivation  of  the  latter  specific  to  linear  structures  and  one  only  need 
adjust  the  constant  2.30  by  the  factor  Here  g  is  the  ratio  of  the 

mean  square  radii  of  branched  and  linear  chains  under  theta  conditions. 

Eq.  (87)  is  not  limited  to  star-shaped  branched  structure,  but  should 
apply  just  as  well  to  any  type  of  branching.  Eq.  (88)  was  calculated  by 
Casassa  (Section  III,  above)  on  the  basis  of  the  model  used  to  compute 
Eq.  (84)  for  linear  chains.  The  result  given  is  specific  to  star-shaped 
structures.  Eq.  (89)  is  a  variant  of  Eq.  (88)  introduced  here  in  an 
attempt  to  correct  for  interchain  expansion  in  a  way  analogous  to  that 
used  to  derive  Eq.  (85)  for  linear  chains. 

The  contants  A^,  (n^g/M^)  and  0  were  determined  in  a  manner 
analogous  to  that  employed  for  the  linear  polymers.  Here  =  [  (^o)br/^^ 
where  g  is  0.625  for  tetrastar  structures.  The  parameters  A^,n^o/^^  and  0 
are  all  unaffected  by  branching  for  this  structure.  This  is  in  contrast 
to  the  behavior  found  by  Orofino  and  Wenger®^  for  a  star- shaped  polymer 
for  which  not  0  was  altered  by  branching.  The  difference  may 

be  in  the  fact  that  their  polymer  had  a  much  lower  molecular  weight,  and 
consequently  shorter  branches. 

Plots  of  Eqs.  (87)  to  (89)  are  exhibited  in  Fig.  26  together 
with  the  experimental  data.  In  behavior  similar  to  that  observed  for 
linear  polymers,  Eq.  (89)  provides  a  good  fit  for  ^  <  0.5  and  predicts 
the  general  shape  of  the  data  for  ^  >  0.5;  but  it  yields  too  low  an  asymptotic 
value  for  large  ^ . 

It  may  be  remarked  that  the  ratio  (Ag) j3j./(A2)^  at  constant 
M  does  not  afford  a  reliable  evaluation  of  the  various  approximate  models 
since  this  ratio  is  predicted  to  be  about  the  same  for  any  of  the  models 
so  far  introduced. 

The  mean  square  radius  of  gyration.  The  equivalent  chain 
model  can  also  be  used  to  calculate  as  a  function  of  z.  Thus, 


1 

P  2 

n~s  0 


j  >i 


(90) 


where  rfj  is  the  average  separation  of  segments  i  and  j  in  an  equivalent 
chain  comprised  of  n  segments; 


-2 

r .  . 

ij 


r  .  .  F(r  .  .)  dr  ... .dr . 

ij  ~ij  ~i  ~j 


F(r .  .)  dr  ....  dr  . 


(91) 


Here  the  F(r .  .)  are  the  probability  densities  for  r^j  including  the  effects 
of  segment  repulsions.  A  perturbation  theory^  may  be  applied  to  compute 
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Figure  26  as  a  function  of  the  thermodynamic  parameter  zfOL^  for  the  star 

branched  polymer*  The  lines  are  drawn  according  to  (I)  Equation  (88); 
(II)  Equation  (89) ;  (III)  Equation  (87)  . 


Oi^  for  small  z,  by  suitable  expansion  of  Eq.  (90),  with  the  result 

=  X  -I-  -  a^z^  +  O(z^)  (92) 

Calculations  yield  ai  =  134/105  for  linear  chains^  Yias  been  calcu¬ 

lated  for  a  variety  of  branched  structures  as  well  (see  Section  I).  Unfor¬ 
tunately,  the  series  is  not  rapidly  convergent,  so  Eq.  (92)  is  directly 
applicable  only  in  the  limit  of  small  z.  Equation  (92)  can  be  rearranged 
to  yield 


=  1  4-  a^^h(z)  (93) 

where 

h(z)  =a^H(z) 

=  a^[l  -  (a^/a^)  z  +  0(z^)] 

=  1  +  g^z  +  O(z^) 


Here  h(z)  goes  to  unity  as  z  —  but  h(z)  is  not  identically  unity  since, 
for  example,  gi  /  0.  Unfortunately,  little  else  can  be  said  about  the 
nature  of  h(z)  without  further  approximations. 

The  prediction  that  data  for  as  a  function  of  T  and  M  should 
all  superpose  if  plotted  as  a  function  of  z  can  be  assessed  at  once,  how¬ 
ever.  Accordingly,  is  plotted  against  z  in  Eig.  27  and  it  is  seen  that 
a  single  curve  does  result.  Unfortunatiely,  the  data  e^diibit  so  much  cur¬ 
vature  that  direct  analysis  to  yield  tile  slope  ai  is  hazardous. 

5,  Approximate  theories  for  s^ «  Numerous  attempts  have  been 
to  obtain  approximate  formulations  for  An  important  result,  due  to 

Flory^^,  will  be  discussed  here  in  language  due  to  Fixman^  -  and  somewhat 
different  than  that  used  by  Flory  since  it  simplifies  later  discussion. 
Without  approximation,  can  be  calculated  as 


a 


exp  (-E(s^)/kT)  F(s^) 
exp  (-E(s^)/kT)  F(s^) 


ds 


(94) 


Here  exp  (-E(s^)/kT)  is  a  weight  factor  for  the  energies  associated  with 
intramolecular  interactions  of  configurations  of  radius  s^  and  F(s^)  is  the 
random- flight  probability  distribution  for  s^.  Fixman  showed  that  for 
a  spherically  symmetric  segment  mass  density  p(r), 


Specifically,  gi  ~  I2  ”  "a^j  '  ~  2.075/(4/3)  for  linear 

chains^,  gi  ~  +  0.425  for  linear  chains. 
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Figure  27  The  expansion  factor  as  a  function  of  the  thermodynamic  parameter  z.  The  dashed 
line  is  the  theoretical  initial  slope.  Curves  I  and  II  represent  Equation  97 
with  k'  =  1.914  and  Equation  96  with  C  =  1.276,  respectively.  The  light  line  is 
an  empirical  fit  to  these  data.  The  points  are  identified  as  in  Figure  21. 


r./  2,  gkT 

E(s  )  =  2 


r^p^(r)dr 


where  P  is  the  excluded  value  integral.  Unfortunately,  the  indicated 
integrations  over  s^  cannot  be  carried  out  rigorously  even  after  a_ 
Gaussian  segment  density  (or  a  sum  of  Gaussian  segment  densities)  is 
assumed  for  p(r)  and  a  Gaussian  FCs^)  is  assumed.  Approximate  procedures, 
assuming  a  Gau'^sian  FCs^)  and  spherically  symmetric  p(r),  yield* 


a"  =  1  +  C  ^ 

where  C  is  proportional  to  ECs^).  This  result  is  accord  with  Flory's 
Iquation  baLd  on  similar  assumptions  for  p(r)  and  FCs^)  Eq.  (94)  follows 
f?om  assumption  of  spherical  symmetry  for  P^)  ^nd  is  otherwise  ^dependent 
of  p(r)  is  assumed.  It  is  found  that  C  -  3^/2  -  2.60  if  p(r)  is  taken 
to  L~a  simple  Gaussian,  in  accord-with  Flory' s  result  for  the  same  p(r) 
and  that  C  =  3 . 15  if  a  sum  o f  Gaussians  (correct  in  the  limit  a  -  i;  is 

assumed®"^. 

The  similarity  of  Eqs.  (93)  and  (96)  is  at  once  evident  and 
suggests  that  the  "constant"  C  is  to  be  identified  with  the  function  ai 
h(z)  Accordingly,  Stockmayer®®  suggested  that  C  be  arbitrarily  set  equa 

i;  so  that  alre^ment  will  be  obtained  between  Eq.  (96)  and  the  more  rigorous 
Eq  (93)  at  least  for  small  ^  This  amounts  to  the  assertion  that  h(z)  is 
approximately  unity  for  all  z.  Now  since  h(z)  is  not  identically  unity 
this  implies  that  the  polynominal  h(z)  -  1  never  takes  on  values  far 
ferent  from  zero  for  values  of  z  ^  0  intermediate  to  the  roots  of  h(z)  -  1 
0  (where  h(z)  =  1  exactly).  It  seems  at  least  as  likely  that  h(z)  averaged 
over  any  particular  interval  of  z,  may  assume  different  values  for  dif¬ 
ferent  intervals  Az.  On  this  basis,  any  constant  value  for  C  for  all^ 

seems  unlikely. 

Calculation  of  C  for  branched  structures  according  to  these 
approximations  affords  another  means  of  evaluating  the  assumptions  mde. 

Both  of  the  above  formulations  for  p(r),  i.e.,  single  Gaussian  o  s 
Gaussians,  can  be  utilized  to  obtain  values  for  C  for  branched  poly^rs  , 

(see  ASD-TR  61-22,  Part  III).  The  results  yield  0^,^  -  g  /  f or  both 
star  and  comb  polymers,  for  example,  when  a  Gaussian  function  is  assumed 
for  p(r)^^.  Rigorous  calculation  of  (ai)^^  (see  Section  I,  a  ove) ,  owev  , 
shows  "(ai)!,  ~  s"^/^(ai)f  only  for  some  special  structures,  namely  comb 

polymers  with  branches  short  compared  to  the  backbone  length.  This  is 
reasonable  since  these  structures  might  reasonably  be  assumed  to  have 
p(r)  and  F(s2)  similar  to  that  for  linear  chains.  Severe  disagreement 
with  this -formulation  is  observed  for  star-branched  and  for  intermediate 
comb-shaped  structures.  Thus,  not  only  does  C  ^  ax  by  the  approximate 
calculation,  but  is  not  in  general  equal  to 

would  seem  to  imply^that  regardless  of  the  merits  of  the  functional  form 
-  1  cc  the  numerical  value  obtained  for  C  is  very  sensitive  to 
correct  choice  for  either  F(s2)  or  p(r),  or  both. 


*This  is  the  familiar  0!® 


relation  of  Flory  rearranged  for  our  purposes 
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Fixman^^,  working  with  a  different  equation,  obtained  from  a 
variant  of  Eq.  (91),  has  derived  a  different  expression  for  as  a  func¬ 
tion  of  z.  An  essential  approximation  is  that  quantities  related  to  the 
F(r  •  •)  may  be  approximated  by  Gaussian  functions  with  the  segment  dimen¬ 
sion  b  increased  to  bO!  where  appropriate.  The  result, 


a^  =  l+  k'z 

is  strikingly  different  from  Eq.  (96) .  In  particular  Eq.  (97)  predicts 
that 

lim  C  = 

Z  00 

whereas  Eq.  (96)  allows  ^  to  increase  without  bound  as  z  increases.  This 
prediction  has  immediate  effect  on  the  predictions  for  Ag,  since  now 
pi  (2)  =  F(^)  cannot  decrease  to  zero  with  indefinite  increase  in^z,  but 
must  assume  some  asymptotic  value  at  large  z.  Fixman  sets  k'  -  ^  to 
force  agreement  with  Eq.  (93)  in  the  limit  z  =  0,  but  an  argument  similar 
to  that  given  concerning  the  assignment  C  -  ai  applies  here  as 
should  be  noted  that  this  value  for  k'  sets  the  limiting  value  for  ^  at 
45/67,  a  smaller  number  than  some  values  of  ^  obtained  in  our  analysis  of 

data. 

A  third  relationship,  practically  equivalent  numerically  to 
Eq.  (97),  has  been  obtained  by  Stockmayer,  Kurata  and  Roig^  on  the  basis 
of  a  different  approximate  model.  This  relation  can  be  cast  in  the  form 
of  Eq.  (97)  with 


k'  =  (|)^/^k"A(a) 

where 

A(a)  =  +  (a-l)(a^-l)"^ 

and  A(a)  =  1.01  +  0.02  for  all  «.  Again,  k"  is  adjusted  to  force  agree¬ 
ment  with  Eq.  (93)  in  the  limit  z  =  0. 

Eqs.  (96)  and  (97)  in  the  forma2(^)  exhibited  in  Fig.  28 

together  with  the  experimental  data.  This  presentation  has  been  used 
since  Eq.  (96)  predicts  to  be  a  linear  function  of  ^  whereas  Eq.  (97) 


* 


Specifically: 


and  Pi  -  1.17  for 


k'  =  I  ai[l  +  Piz  +  0(z2)] 

/J:.  \ 

Pi  ==  ^1  ^4  “  ai^^ 
linear  chains. 
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predicts  an  upper  bound  on  ^  The  data  clearly  do  not  exhibit  any  such 
limit  on  but  they  do  appear  to  verify  an  approximately _ linear  relation¬ 
ship  between  a2  and  ^  The  slope  C,  however,  is  equal  neither  to  2.60 
nor  to  ai  .  Since  the  slope  should  equal  ai  at  least  for  small  z  (or 
it  is  probably  indicated  that  the  data  are  not  really  linear  over  the 
entire  span  of  z  examined,  but  only  approximately  so.  Thus,  we  regard 
the  approximate  relation 


=  1  + 


as  reasonably  accurate  (at  least  over  the  range  of_^  obtained  here),  but 
cannot  support  the  approximate  theoretical  evaluations  of  Z  (Indeed, 
may  not  even  be  constant.)  Eq.  (97)  greatly  overestimates  a  .  The 
eSerimental  uncertainty  in  (ca.  ±  8%,  depending  on  the  magnitude  of 
P)  is  not  large  enough  to  account  for  the  large  deviations  observed 
from  Ea.  (97)-  We  hope  to  extend  these  measurements  to  one  additional 
sample^f  still  higher  molecular  weight  as  a  further  check  on  the  basic 
principle  of  superposition  being  employed  here. 

The  data  for  the  branched  structures  are  displayed  in  Fig.  29 
to'^ether  with  curves  calculated  from  Eq.  (96)  with  ai  1.342  and 
C„/g3/2  =  5.26  as  calculated  for  a  tetrafunctional  star  structure. 
Behavior  similar  to  that  of  the  linear  chains  is  observed. 

6.  A  relationship  between  ^  It  has  been  suggested"' 

that  formal  elimination  of  z  from  equations  for  Ag  and  yields  a  rela¬ 
tion  between  As  and  .  i  that  seems  to  be  valid  to  much  l^ger  Ag  (or 
O!^)  then  were  the  original  power  series  equations  in  z.  Thus,  elimina 
tion  of  ^  between  Eq.  (78)  and  Eq.  (93)  yields  the  result 


A^M 


1/2  = 


4N  rt 
o 


3/2,3 


(a^-1) 


F'  (z) 
H(z) 


3/2,3 


4N  It"/  A' 


(a^-1)  +  o(a  -i)‘ 


(98a) 


(98b) 


where  the  coefficient  of  (a^-D^  could  be  evaluated  numerically  if  desired 
(see  ASD-TR  61-22,  Part  III).  Fig.  30  exhibits  the  data  obtained  here 
Plotted  in  this  manner.  The  data  are  seen  to  form  a  good  linear  relation 
Ld  rhP  alone  yields  the  value  of  A^  obtained  W  direct  measurement  within 
experimental  error.  Inclusion  of  the  term  0(0!"-!)-  makes  the  correlation 
less  satisfactory. 

Some  data  for  polystyrene  in  three  good  solvents®^  are  shown 
in  Fig.  31  together  with  the  theoretical  line  (10  A  7.0)  for  an 
assumed  linear  relation  between  and  AsM  /  .  The  data  are 

fit  reasonably  well  to  the  linear  relation,  even  over  this  considera  y 

larger  range  of  0!^. 
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A  semi-empirical  correlation  between  and  Oi 

*The  slope  is  related  to  the  unperturbed  dimension  A' 
The  points  are  identified  as  in  Figures  21  and  25. 


Thus,  one  is  encouraged  to  examine  in  more  detail  the  con¬ 
sequences  of  the  quantity  being  a  linear  function  of  a^-l.  This 

assumption  leads  to  the  result 


F'(z)  =  H(z) 

or,  equivalently, 

=  1  +  a^  z  F'(z)  (99) 

Eq.  (99)  has  been  suggested  previously  by  Schulz^°  in  a  different  context. 
Some  immediate  consequences  of  this  formulation  are  at  once  evident,  wL  thout 
assumption  of  a  specific  form  for  F'(z),-  The  most  interesting  concerns 
the  asymptotic  limit  observed  for  k2y^^/ ^/a^k^ ,  and  hence  for  ^  F'(z),  for 
large  I-  If  this  limit  is  denoted  Q,  then  Eq.  (99)  requires  a  value  for 
a  in  the  same  limit  of  large  t  given  by 


2 

The  limiting  values  for  Oi  are  rather  low,  ca.  2.5,  and  probably  indicate 
either  the  inadequacy  of  a  linear  relation  between  and  and/or 

of  the  asymptotic  limit  for 

Even  if  does  not  attain  a  true  asymptotic  limit, 

the  fact  that  this  parameter  becomes  a  very  slowly  increasing  function  of 
^  seems  indisputable.  This  means  that  would  become  a  very  slowly 
increasing  function  of  ^  over  the  same  ^interval,  given  the  existence  of 
a  linear  relationship  between  AgM^/^  anda^-1.  That  is,  h(z)  in  Eq.  (93) 
must  decrease  to  nearly  zero  for  large  z. 

Data  on  our  high  molecular  weight  samples  in  very  good  solvents 
would  serve  to  further  test  the  linear  relationship  between  k^!^  and 
a^-1  and  to  elucidate  the  behavior  of  at  larger  z.  A  limiting  value 
for  0!^  with  increasing  solvent  power  f3  is  not  physically  unacceptable, 
since  the  chain  length  is,  after  all,  finite.  The  physical  reason  for_ 
a  limiting  value  for  with  increasing  M  is  not  as  clear,  but  is  implied 
since  both  P  and  M  appear  in  the  parameter  ^ .  The  necessity  for  any 
limit  on  a  to  involve  both  p  and  M  has  been  recognized  earlier  ,  but  is 
difficult  to  demonstrate  unequivically,  especially  for  B.  The  empirical 
observation  of  the  proportionality  between  k^!^  and  a  -1  with  the  theore 
tically  expected  slope  4Nort®/%^  may  be  a  consequence  of  such  a  physical 
limitation,  however. 

Attempts  to  utilize  the  approximate  functions  for  F'(z)  =  F(P 
given  above  in  Eqs.  (81)  to  (85)  are  not  entirely  satisfactory.  For 
example,  the  abrupt  change  in  slope  for  F(^)  for  C  >  ca.  0.6  given  by 
Eq.  (85),  which  best  correlates  our  data,  makes  a^(U  sensitive 
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to  the  exact  choice  of  F(0 •  For  example  a2(^)  calculated  from  Eq.  (85) 
is  shown  in  Fig.  28.  The  curve  fits  the  data  well  for  ^  <  0.5  or  z  <  0.83 
as  expected  from  the  correlation  achieved  for  AgM  /  jCL  as  a  function  of  q 
The  failure  for  0.8  <  z  <  5  is  probably  due  to  inadequacy  in  the  assumed 
F(0  since  the  curve  versus  a^-l  seems  to  be  linear  to  a  very  good 

approximation  in  this  range.  Failure  at  still  larg^  z  is  probably  due 
both  to  an  inadequate  F(^)  and  nonlinearity  in  AgM  /  versus  QL  -1.  The 
fit  could  doubtless  be  improved  by  suitable  adjustment  of  the  parameters 
in  Eq.  (85),  but  the  predicted  behavior  for  z  >  5  would  probably  not  be 
meaningful. 


E.  Conclusions 


The  experimental  data  behave  in  a  way  consistent  with  one  of 
the  basic  assumptions  made  in  the  statistical  theories  for  thermodynamic 
and  conformational  properties.  Thus,  both  AgM^/^  and  are  single-valued 
functions  of  the  parameter  z  (or  ^). 

Of  the  approximate  theories  for  Ag  specifically  considered 
here,  that  of  Casassa"^®,  which  is  a  minor  adaptation  of  that  due  to 
Casassa  and  Markovitz^®,  seems  to  provide  the  best  fit  for  our  data. 

A  very  good  fit  is  obtained  for  ^  <  ca.  0.5,  with  the  general  shape  of 
the  data  predicted  for  larger  The  asymptotic  limit  predicted  by  this 

theory  seems  somewhat  low,  however. 

None  of  the  existing  approximate  forms  for  OJ^(z)  can  be  supported 
without  qualifications.  The  familiar  a®  -  a®  «  z  relation  of  Flory 
probably  fits  these  data  as  well  as  any  if  the  constant  of  proportionality 
is  allowed  to  be  adjustable. 

The  recent  equation  for  01®(z)  of  Fixman,  or  that  of  Kurata, 
Stockmayer  and  Roig,  does  not  provide  a  reasonable  fit  at  all.  In 
particular,  prediction  of  a  limiting  value  for  z/a®  is  not  substantiated. 

A  linear  relation  between  k^!^  and  a®  -  1  fits  suprisingly 
well,  and  gives  a  line  with  the  expected  slope.  This  correlation 
extends  as  well  to  a^-values  larger  than  those  obtained  here.  Assumption 
that  k^l^  is  accurately  a  linear  function  of  -  1  produces  some 
interesting  consequences.  First,  the  constant  of  proportionality  in 
-  O'®  oc  z  is  predicted  to  depend  on  a  in  a  way  that  can  be  computed 
from  theories  of  the  second  virial  coefficient.  The  results  are  very 
sensitive  to  the  exact  relation  for  k^j^  assumed,  however.  Second, 
is  predicted  to  reach  some  asymptotic  limit  for  large  that  is 
independent  of  but  dependent  only  on  the  asymptotic  limit  for  k^j^ 
o;®A®. 


Even  if  a  true  asymptotic  limit  is  not  obtained,  the  linear 
relationship  between  k^!^  and  -  1  implies  will  at  most  increase 
very  slowly  with  ^  for  large  ^ . 
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VIII.  Intrinsic  Viscosity  of  Linear  Polystyrene  in  Decalin 
G.  L.  Bender 


A.  Introduction 

The  intrinsic  viscosity  [t]]  of  polystyrene  in  decalin  has  been 
investigated  as  a  function  of  temperature  and  molecular  weight.  These 
data  are  for  the  same  samples  studied  by  light  scattering,  so  that  the 
thermodynamic  variables  required  in  this  analysis  are  all  known.  Thus, 
a  direct  comparison  of  data  with  theory  is  possible. 

Hydrodynamic  calculations  for  [t]]o,  the  intrinsic  viscosity 
in  the  absence  of  thermodynamic  interactions,  have  been  available  for 
some  time.  For  various  approximate  models,  these  yield  the  general 
result"^^ 

[tiIq  =  ^'  (100) 


where 

=  (P)q/m 
$'  =  6^/^  h  F(h) 


The  parameter*  h  F(h)  increases  with  molecular  weight  M  and 
obtains  an  asymptotic  limit  of  2.89x  lO^i  ([q]  in  dl/gm)  to  within  one 
percent  for  h  >  3,  where  h  is  a  monotone  increasing  function  of  M.  We 
will  consider  h  3  from  here  on.  If  it  is  not,  then  [tiIq/m  will  not 

be  constant,  but  will  increase  with  increasing  M. 

Eq.  (100)  shows  that  [qlg  is  proportional  to  a  reduced  volimie 
A^.  The  principle  effect  of  thermodynamic  interactions  is  to  augment 
the  coil  extension  in  solution  above  the  temperature  0,  and  so  increase 
[q].  This  effect  may  be  accounted  for  by  inclusion  of  a  factor  in 

Eq.  (100),  thus 


[q]  = 


A^  M 


1/2 


a 


(101) 


The  factor  Ok  does  not  necessarily  equal  the  expansion  factor  o;  for  the 
radius  of  gyration.  Calculation  of  Q!  ®  requires  simultaneous  inclusion 
of  both  hydrodynamic  and  thermodynamic  effects  and  has  not  been  carried 
outl^h  rigor2®’29^  fact,  calculation  of  [qlg  has  not  even  been 

accomplished  without  the  inclusion  of  some  approximations  which  are  dif¬ 
ficult  to  assess'^^’’^'^.  An  early,  and  very  useful,  approximation  for  [q] 
given  by  Flory  and  Fox^®  simply  asserts  that  0^  =  a.  This  approximation, 
while  admittedly  difficult  to  justify  exactly,  cannot  be  too  much  in 
error  and  has  served  in  evaluation  of  viscosity  data  for  a  considerable  time 


See  reference  (74)  for  a  definition  of.h. 
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More  recent  attempts  to  calculate  [t]]  directly  by  suitable 
approximations  with  one  of  the  more  elaborate  models  used  to  compute 
[■qIq  lead  to  the  result^® 


[ri]  =  [nloEl  +  b^z  W(z)] 


(102) 


where 


Here  bi  is  1.55  and  W(z)  is  a  function  of  z,  which  may  be  represented  by 
expansion.'  The  thermodynamic  parameter  B  is  to  be  identified 
with  the  excluded  volume  integral  n^p/M^  discussed  above.  As  with  other 
series  expansions  in  z,  this  expression  is  only  slowly  convergent,  and  so 
is  limited  to  small  z.  Eq.  (102)  is  most  useful  if  it  can  be  combined 
in  some  way  with  the  relation  for  q:®(z)  to  yield  an  expression  for  [q] 
valid  to  larger  z  than  either  series  is  by  itself,  in  a  manner^similar 
to  that  employed  for  obtaining  a  relation  between  AgM  /  and  0!  -1  in 
the  previous  section.  This  question  will  be  discussed  further  below. 

One  other  approximate  relation  is  of  interest  here  since  it, 
or  a  relation  almost  equivalent  to  it  numerically,  has  recently  received 
considerable  usage.  This  approximate  result  gives  simply®® 

CC  ^  =  1  +  b  z  (103) 

q  1 

The  exclusion  of  higher  order  terms  in  z,  that  is,  setting 
W(2)=l,  was  suggested  by  analogy  with  an  approximate  result  obtained 
for  0!®  by  Fixman  discussed  else\diere  in  this  report.  Eq.  (103)  is  dif¬ 
ferent  in  kind  than  expressions  giving  as  a  function  of  Ct  since  it 
expresses  [q]  directly  in  terms  of  the  thermodynamic  variable  z,  and 
so  in  terms  of  the  molecular  weight,  without  an  additional  relation 
between  d  and  M. 


B.  Experimental 

1.  Methods.  The  intrinsic  viscosity  has  been  measured  over 
the  temperature  interval  10°  to  100°C  with  modified  Uhbelhode  viscometers 
described  elsewhere®®.  Concentrations  were  adjusted  so  that  1.08  <  < 

1.80.  Kinetic  energy  corrections  could  be  neglected  because  of  the  long  flow 
times  (ca.  500  sec)  for  decalin.  The  polymers  and  solvents  used  are  des¬ 
cribed  elsewhere  in  this  report.  All  measurements  were  performed  under 
a  nitrogen  atmosphere  to  avoid  contamination  by  moisture.  Solutions  were 
injected  into  the  viscometer  with  a  syringe  fitted  with  a  glass  frit  to 
remove  dust.  The  intrinsic  viscosity  under  theta  conditions,  [ri]0}  was 
determined  by  extrapolation  of  [ril/a®  versus  (1  -  O/T)  to  T  =  0.  Values 
of  a®  for  each  temperature  were  interpolated  from  the  light  scattering 
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data  given  above.  This  procedure  gives  a  plot  with  slope  almost  zero 
and  so  makes  extrapolation  to  obtain  [h]©  less  hazardous.  It  is  not 
required  that  0!^^  =  CC®  exactly  for  the  procedure  to  be  useful. 

The  concentrations  necessary  to  compute  [rj]  at  each  temperature 
t  (in  °C)  have  been  computed  from  the  density- temperature  relation 

d(t)  =  d(25)  [1  -  8.13  X  lO"'^  (t  -  25)] 

determined  in  a  50  ml  pycnometer.  This  relation  agrees  satisfactorily 
^j_rh  that  given  by  Timmermans  over  a  more  restricted  temperature 
interval.  The  constant  8.13  x  10"^  was  found  to  apply  to  decalin  mix¬ 
tures  independently  of  isomeric  composition. 

2.  Materials.  The  polymers  and  solvents  used  here  are  des- 
scribed  in  the  preceding  section. 


C.  Results 

The  results  obtained  thus  far  are  given  in  Fig.  32  and  Table 
XVII.  Additional  samples  of  different  molecular  weights  are  now  being 
studied.  The  ratio  is  seen  to  be  7.7  x  10"^  to  within  +  57= 

for  the  fractions  studied. 


D.  Discussion 

1.  Theta  Solvent  Correlation.  The  parameter  $  *  =  [iilo/A^M^/^ 
is  calculated  from  [ti]0/"\/^  given  in  Table  XVII  and  10^  A  —  7.0.  (This 
value  of  A^  is  obtained  from  data  given  in  the  preceding  section.)  The 
resulting  value  41.6  x  10^^  for  is  in  good  agreement  with  the  theo¬ 
retical  value  42.5  X  10^^.  Thus,  assumption  of  constant  hF(h)  appears 
to  be  satisfactory  over  this  molecular  weight  interval  and  Eq.  (100) 
correlates  the  data  within  experimental  error. 

The  value  obtained  for  [ri]©  is  slightly  lower  (ca.  .57o) 

than  that  usually  given  for  the  system  polystyrene-cyclohexane.  A 
specific  solvent  effect  may  be  involved. 

It  is  assumed  throughout  that,  the  temperature  dependence  of 
A^  is  negligibly  small.  This  is  in  accord  with  conclusions  discussed 
by  Orofino  and  Ciferri  on  the  basis  of  data  on  bulk  polystyrene,  on 
poor-solvent  dilute-solution  properties,  and  on  our  data  for  sample  A-16. 

It  is  also  assumed  explicitly,  as  discussed  previously  that 
the  temperature  dependence  of  B  may  be  represented  by 


B  =  Bq(1  -  e/T) 

where  both  Bq  and  0  are  obtained  from  light  scattering  studies,  as  is  A^. 
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Table  XVII 


Intrinsic  Viscosity  of  Linear  Polystyrene  in  Decalin 


Poljmier 

Solvent 

0,°C 

10“^  M 
w 

io^[ti]0/-Vm^^ 

^  w 

A-3 

4 

12.2 

0.283 

0.135 

7.72 

A-19 

4 

12.2 

0.608 

0.689 

7.34 

A-16 

3 

15.2 

0.83 

1.16 

7.73 

A- 5 

2,3 

15.2 

1.048 

1.74 

7.95 
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2.  Good  Solvent  Correlations.  The  thermodynamic-hydrodynamic 
theories  suggest  that  [t)],  or  should  be  a  single  valued  function  of 

the  parameter  z.  Accordingly,  0!-^^  is  shown  as  a  function  of  z  in  Fig.  33, 
where  the  data  are  seen  to  superpose  within  experimental  error.  Eq.  (103) 
is  the  only  expression  considered  here  which  can  be  directly  evaluated  from 
experimental  [ti]  versus  z  data,  and  it  is  seen  to  provide  a  poor  correla¬ 
tion.  In  particular,  it  greatly  overestimates  the  increase  of  [r|]  with 
increasing  z. 

Correlation  of  On®  with  z,  and  thus  with  molecular  weight,  may 
be  attempted  with  either  of  two  expressions  in  current  use: 

a  ^  -  a^  =  Kz  (104) 

n  h  1 


-  1  =  K-z  (105) 

q  2 

The  parameters  Ki  and  Kg  are  calculated  from  the  data  and  examined  for 
trends  with  z  or  a  as  in  Fig.  34.  Unfortunately,  both  'constants' 
so  evaluated  depned  on  z,  although  the  dependence  of  Kg  on  t  is  con¬ 
siderably  stronger  than  is  that  of  Ki-  A  curve  calculated  for  Ki  =  0.60 
is  included  in  Fig.  33  and  is  seen  to  provide  a  reasonable  fit  to  the 
data  over  the  span  of  z  covered.  The  significance  of  the  deviation  of 
the  data  from  Eq.  (104)  for  the  largest  z  obtained  here  is  not  clear 
since  deviations  are  also  noted  for  fractions  of  other  molecular  weights 
at  their  maximum  z  (i.e.,  at  the  highest  temperature).  This  could  imply 
that  the  single  parameter  z  is  insufficient  to  characterize  or  that 

the  assumed  temperature  dependence  B  =  Bq(1  -  B/T)  is  inadequate.  Data 
at  higher  z  are  required  and  will  be  obtained  from  studies  on  samples  of 
higher  molecular  weight. 

Evaluation  of  approximations  for  in  terms  of  a  may  be  dis¬ 
cussed  by  eliminating  z  from  the  series  expansion  Eq.  (102)  by  use  of 
the  relation, 

=  1  +  ^  a^z  h'(z)  (106) 

There  results 

a  ^  -  1  =  I  —  (a^  -  1)  Q(a)  (107) 

q  3  a^ 

where 


Q(a)  =  W(z)/h' (z) 
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Dependence  of  on  the  thermodynamic  parameter  z.  The  straight 
line  represents  Eq,  (103)  with  bi  =  1.55;  the  curve  represents 
Eq.  (104)  with  the  empirical  constant  =  0.60.  The  points  are 
as  identified  in  Figures  21  and  25  except  for  0,  which  represents 
data  from  Ref.  ' 


•r-t 
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Lgure  34  A  test  of  the  semi -empirical  Equations  104  and  105  labelled 
Kj_  and  K2  respectively. 


The  Flory-Fox  approximation^®  implies  that  biW(z)  =  ax  h*(z)  with  the 
.consequence  that  QL®  =  0!®.  The  approximation  suggested  by  Kurata  and 
Yamakawa®®,  on  the  other  hand,  uses  instead  of  Eq.  (106)  the  equivalent 
formulation 


2b  /a 

q:  =  1  +  b^  z  h"(z) 


with  the  result  for  d 


a 


2b^/c 


Q'(0!) 


(108) 


(109) 


^l;iere  Q*(0')  ”  W(z)/h"(z)  ■  Kurata  and  Yamakawa  assume  Q  (OJ)— !•  The  ratio 
2bi/ai  is  approximately  5/2  for  linear  chains. 

The  data  are  displayed  according  to  Eq.  (107)  in  Fig.  35. 

Values  of  necessary  to  construct  this  plot  were  interpolated  from 
0!(T)  data  for  each  molecular  weight  as  given  in  the  previous  section. 

The  dashed  line  gives  the  Flory-Fox  approximation  while  the  solid  line 
denotes  the  initial  tangent  to  Eq.  (107).  The  latter  is  seen  to  cor¬ 
relate  our  data  very  well.  The  initial  tangent  for  Eq.  (109)  is  also 
displayed  in  Fig.  35.  As  would  be  expected,  this  approximate  result 
correlates  the  data  as  well  as  Eq.  (107)  and  proper  evaluation  of  the 
merits  of  either  would  require  data  over  a  larger  range  of  a^*. 

Insofar  as  our  data  are  concerned,  either  of  the  expressions 


d^  -  I  =  0.81  (d^  -  1) 


(110) 


a  5  .  ^5/2  (111) 

h 

provide  an  adequate  correlation  over  the  span  of  a®  considered.  In  fact, 
data  for  polymethyl  methacrylate  in  good  solvents'^®  over  a  larger  interval 
of  a®  also  can  be  correlated  nearly  as  well  by  either  expression,  although 
Eq.  (110)  seems  to  provide  a  better  fit  at  large  d^  (see  Fig.  36).  Eqs.  ^ 

(110)  and  (111)  are  numerically  similar,  the  function  [1  +  0.81  (a®  -  l)]/a  / 

deviating  from  unity  by  only  18  percent  for  d^  as  large  as  4.0. 

Thus,  use  of  either  Eq.  (110)  or  Eq.  (Ill)  rests  on  their  respective 

convenience  for  a  given  application  since  neither  seems  to  be  more  favored 


*It  may  be  remarked  that  this  exercise  is  not  totally  futile  since  a 
plot  of  -  1  versus  d^  -  I  shows  curvature  from  the  initial  tangent 
even  for  the  a®  interval  considered  here. 
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Figure  36  Semi- empirical  correlations  between  and  for  data  from  the  literature  on  polymethyl 
methacrylate  in  several  solvents;  M  =  4,6  x  10®,  0;  =  1.25  x  10®,  0, 


by  the  available  empirical  evidence  and  they  both  involve  the  same  types 
of  assumptions  in  their  derivations.  We  are  inclined  to  use  Eq.  (110) 
for  correlation  since  the  parameters  specific  to  the  hydrodynamic  calcula¬ 
tion  appear  in  the  constant  0.81  rather  than  in  the  power  of  QI.  Thus, 
the  form  of  Eq.  (110)  would  be  convenient  when  considering  the  behavior 
of  branched  chains,  for  example.  In  addition,  this  correlation  suggests 
that  oc  (X^  for  very  large  o:,  which  is  physically  attractive  and  seems 
to  be  in  accord  with  a  considerable  body  of  experimental  evidence"^^  suggest¬ 
ing  that  ^apiP^T)]  M/('s^)^/^  is  a  constant  in  good  solvents,  whereas  Eq. 

(Ill)  implies  that  ^app  t>e  a  continuously  decreasing  function  of  a. 


E .  Conclusions 

Fig.  33  presents  the  evidence  that  may  be  represented  as  a 
function  of  the  single  variable  z.  Data  for  polystyrene-cyclohexane'^^ 
and  for  polystyrene-decal in^^*  are  included  with  our  data.  The  principle 
feature  of  interest  here  is  whether  the  data  do  superpose,  and  thus  pro¬ 
vide  support  for  the  basic  theory  and  and  the  assumed  temperature  dependence 
Bq(  1  -  0 /T) .  In  fact,  fair,  but  not  perfect,  superposition  is  obtained. 

(It  may  be  remarked  that  one  only  need  know  z  to  within  an  arbitrary 
constant  for  this  part  of  the  analysis.) 

The  data  displayed  in  Fig.  33  provide  the  beginnings  of  an 
empirical  correlation  for  [r|](T,M)  that  could  be  used  to  analyze 
intrinsic  viscosity  data  to  yield  such  parameters  as  the  unperturbed 
dimensions,  and  enthalpies  and  entropies  of  mixing.  We  intend  to  extend 
these  studies  to  include  data  for  both  higher  and  lower  molecular  weight 
materials  as  well  as  for  branched  polymers. 

Fig.  34  shows  01^^  -  1  to  be  nearly  a  linear  function  of  (X^  -  1, 
although  there  are  some  marked  deviations.  Examination  of  this  relation 
for  data  over  larger  intervals  in  reveal  that  the  correlation  remains 
valid  to  larger  as  well.  .Thus,  Eq.  (110)  is  advanced  as  an  alternative 
to  the  more  familiar  The  constant  0.81  is  derived  from  the 

perturbation  theories  for  (X^^  and  in  much  the  same  way  as  is  the  power 
5/2.  Although  the  Flory-Fox  approximation  as  usually  stated,  =0:^, 

does  not  represent  our  data  when  used  with  Eq.  (101),  it  may  be  noted 
that  for  large  (>  ca.  3.5)  Eqs.  (101)  and  (110)  yield 


[ti]  =  6^/2 


(2.4  X  10^^) 


isf) 


2^3/2 


M 


(112) 


which  is  very  close  to  the  Flory-Fox  equation  as  usually  applied  to  data 
in  good  solvents.  Thus,  in  this  treatment  the  modified  value  for 
associated  with  the  empirical  Flory-Fox  relation  appears  naturally  as  a 
limit  in  good  solvents. 


These  points  are  computed  using  values  of  [ti](T,M)  given  in  reference"^^, 
but  the  0  temperature  is  taken  as  13.8°C  in  correspondence  with  our  light 
scattering  data,  and  [ri]©  is  computed  as  7.7  x  lO”^  Vm"-  The  analysis 
in  reference  43  assumed  an  erroneous  value  for  0  reported  by  others^®’^®. 
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IX.  Investigation  of  Two  Novel  Inorganic  Polymers 


G.  C.  Berry 


Preliminary  dilute  solution  measurements  on  two  inorganic 
coordination  polymers  have  been  completed.  These  polymers,  one  derived 
from  zinc  methyl  phenyl  phosphinate(I)  and  another  from  hydroxy  aquo 
chromium  diphenyl  phosphinate(II) ,  were  developed  in  the  laboratories  of 
the  Pennsalt  Corporation. 


\  /"b 

X 

^P''  J  X 

9 


(I) 


\  /I 
0  0  0 


:cr 


H2O  X^^^o 


/  \-J 

cp  cp 


H 

0 


^  H^O 


X 


(II) 


Figure  37  Two  coordination  polymers. 


These  investigations  showed  that  the  materials  were  in  fact 
polymers  of  reasonably  high  m.olecular  weight,  ca.  5000  for  I  and  higher 
for  II;  but  the  molecular  weight  for  both  increased  substantially  during 
the  time  required  for  measurements.  The  increase  in  the  molecular  weight 
of  II  was  inferred  from  changes  in  the  intensity  of  light  scattered  from 
a  chloroform  solution  containing  0.00743  g/cc  of  lit  the  intensity  ^ 
increased  28  percent  in  six  days  and  48  percent  in  twenty  days  at  30°C. 
Similarly,  an  increase  in  the  molecular  weight  of  I  was  inferred  from 
the  observed  change  in  the  inherent  viscosity,  (In  Tirel)/^’  ^  0.0289 
gmy^cc  solution  in  chloroform;  the  viscosity  increased  from  an  initial 
value  of  0.146  dl/g  to  0.208  in  six  days,  and  to  0.253  in  fourteen  days 
at  30°C.  In  addition,  gel-like  inhomogeneities  were  observed  to  form 
in  solutions  of  II.  These  findings  were  consistent  with  other  studies 
(at  the  Pennsalt  laboratories) .  They  suggest  incomplete  reaction  in 
both  polymers,  and  possible  network  formation  in  II. 

Additional  studies  at  the  Pennsalt  laboratories  have  suggested 
that  both  I  and  II  may  be  susceptible  to  degradation  by  coordination 
compounds,  such  as  water  and  ethanol,  which  were  probably  present  in  the 
polymers  received  by  us  as  well  as  in  the  reagent  grade  chloroform  used 
here.  Accordingly,  additional  samples  of  I  have  been  prepared  under  an 
nydrous  conditions  and  we  are  presently  engaged  in  dilute  solution  studies 
on  this  polymer  using  purified  chloroform  as  a  solvent.  Light  scattering 
and  intrinsic  viscosity  measurements  will  be  carried  out  initially  to 
(j^grermine  its  molecular  weight  and  molecular  weight  stability  under  an 
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hydrous  conditions.  If  stable,  a  small  quantity  of  water  can  be  intro“ 
duced  to  determine  the  effect,  if  any,  of  moisture  on  the  solution  pro¬ 
perties.  Further  studies  will  depend  on  the  outcome  of  these  experiments, 
but  if  the  polymer  is  sufficiently  stable,  a  series  of  molecular  weights 
probably  be  studied  by  these  methods,  as  well  as  by  sedimentation 
velocity,  to  ascertain  if  possible,  the  molecular  conformation  in  solu¬ 
tion  (flexible  coil,  stiff  rod,  etc.). 
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X.  Construction  of  a  Couette  Viscometer  for  Steady  Flow  at  Low  Shear  Rate 
■ G.  C.  Berry  and  G.  L.  Bender 


A.  Introduction 

A  couette  viscometer  has  been  constructed  in  which  a  cylindri¬ 
cal  rotor,  operated  by  a  rotational  hysteresis  drive,  is  centered  in  a 
fixed  cylindrical  tube  by  a  combination  of  gravitational,  buoyancy  and 
surface  tension  forces.  The  meniscus  in  the  annular  gap  is  such  that 
the  contact  angle  formed  by  the  liquid  and  the  stator  does  not  equal 
that  formed  by  the  liquid  and  the  rotor.  This  arrangement  provides  a 
centering  force  for  the  rotor^^’”^®.  The  difference  in  the  contact  angles 
is  obtained  by  the  simple  expedient  of  forming  the  meniscus  at  the  top 
of  the  stator  so  that  the  normally  symmetric  meniscus  fomed  between  two 
concentric  cylinders  cannot  be  obtained  (see  Fig.  38) .  This  centering 
principle  and  hysteresis  drive  has  been  used  previously  by  Zimm  and 
Crothers . 


In  the  following  report  the  viscometer  is  described  in  sufficient 
detail  to  allow  an  assessment  of  its  features  for  dilute  solution  viscometry, 
as  well  as  other  applications. 


B.  General  Description 

A  schematic  drawing  of  the  viscometer  may  be  seen  in  Fig.  38. 

The  fixed  stator  is  entirely  enclosed  by  a  thermostated  chamber.  A  tube 
connected  to  the  bottom  of  the  stator  and  leading  out  of  the  thermostat 
chamber  provides  access  for  liquid  level  control  in  the  stator.  The  rotor 
is  a  cylindrical  tube  of  ca.  4  mm  smaller  OD  than  the  stator  ID  and  so 
provides  for  an  annular  gap  of  about  2  mm  filled  by  the  liquid  under 
study.  The  rotor  is  turned  by  a  magnetic  drive  that  provides  constant 
torque,  independent  of  the  speed  of  rotation  of  the  rotor.  Thus,  com¬ 
parison  of  the  periods  of  rotation  (sec/rev)  for  two  different  liquids 
provides  a  measure  of  their  (Icinematic)  viscosities.  The  following 
sections  will  describe  these  components  in  more  detail. 


C.  The  Magnetic  Drive 

The  rotor  is  driven  by  a  constant  torque  derived  from  rotational 
hysteresis.  The  origin  of  this  torque  may  be  understood  by  considering 
the  interaction  of  a  magnetic  domain  and  the  applied  field  H  *  Any 
domain,  say  the  i-th,  can  be  considered  to  be  equivalent  to  a  dipole  of 
moment  M.  whose  axis  makes  an  angle  0^^  with  the  field  H,  as  in  the  diagram. 


H 
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Figure  38  Schematic  diagram  of  low  shear  rate  concentric  cylinder  viscometer. 
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A  couple  HM.sin0i  exists  between  the  applied  field  H  and  the  induced 
dipole  0i  is  increased  by  d0,  then  the  work  W  done  per  unit  volume 

of  magnetic  material  is  given  by 


dW  =  Z  M.H  sin0 .  de 
i  1  ^ 

where  the  sum  is  to  be  extended  over  all  domains  in  a  unit  volume.  Now, 
the  intensity  of  magnetization  I  is  simply  Z  cos0£,  that  is,  the  com- 

I  is  affected  when  9  changes 


-Z  M.  sin0 .  de . 
1  1 


is 


W  is  in  general  not  zero  because  of  hysteresis  loss  in  the  H-  I  loop  for 
a  magnetic  material*.  The  more  open  is  the  hysteresis  loop,  the  greater 
will  be  W,  but  in  general  the  characteristics  of  the  material  (its  permea¬ 
bility,  etc.)  must  be  matched  to  the  value  of  H  associated  with  the 
available  field®°.  That  is,  a  material  with  an  open  loop  that  requires 
a  large  value  of  H  to  be  energized  is  of  little  value  if  only  weak  fields 
are  available.  The  essential  character  of  this  energy  loss,  as  related 
to  a  couple  acting  through  an  angle,  means  that  W  will  be  independent  of 
the  speed  of  rotation,  that  is,  the  work  loss  per  unit  volume  per  cycle, 
.and  hence,  the  torque  developed  per  unit  volume,  is  independent  of  the 
speed  of  rotation. 

Thus  the  torque  T  is  dependent  on  the  field  H,  the  characteris¬ 
tics  of  the  magnetic  material  and  the  volume  of  the  magnetic  material. 

In  addition  to  having  a  large  hysteresis  loop  for  the  values  of  H  obtained 
here,  the  magnetic  material  should  have  low  permanent  retentivity.  A 
material  meeting  these  specifications  is  Ferroxcube  4B  (manufactured 
by  the  Ferroxcube  Corporation  of  America,  Saugerties,  New  York) .  This 
material  has  a  Curie  temperature  of  ca.  250°C,  and  so  will  provide 
usable  torques  over  the  temperature  range  of  interest  here.  We  have^ 
found  no  evidence  of  permanent  retention  of  a  magnitude  such  as  to  dis¬ 
turb  our  measurements. 

Since  it  is  desirable  to  have  an  isotropic  material  for  the 
drive  cylinder,  the  Ferroxcube  is  ground  to  a  powder,  mixed  with  a  ceramic 


*The  above  analysi.s  is  given  in  more  detail  in  ref.  .79. 


ponent  of  in  the  direction  of  H.  Thus, 
according  to 


dl  =  d(Z  M.  cose.)  = 


The  work  done  per  unit  volume  is 


dW  =  H  dl  , 

or  the  work  done  per  unit  volume  per  cycle 


W 


=  / 


H  dl 
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cement  (Eccoceram  CS,  Emerson  and  Cummings,  Inc.)  and  molded  to  the 
desired  size  and  shape.  Measurements  with  these  cylinders  indicate 
that  the  torque  developed  first  increases  with  increasing  volume  frac¬ 
tion  of  metal  in  the  drive  cylinder,  but  then  tends  to  level  off  with 
further  increase  in  the  metal  content.  This  effect  is  probably  related 
to  distortion  of  the  relatively  weak  field  H  by  the  presence  of  the 
ferromagnetic  material  in  the  gap.  Accordingly,  cylinders  used  here 
are  fabricated  with  volume  fraction  of  metal  near  that  for  which  the 
maximum  torque  is  obtained  since  additional  metal  only  serves  to  provide 
a  horizontal  force  pulling  the  rotor  off  the  vertical.  This  critical 
volxime  fraction  is  ca.  0.1  for  our  system,  but  it  depends  strongly  on  the 
field  H. 


For  volume  fractions  less  than  the  critical  value,  the  torque 
increases  as  the  total  volume  of  metal,  or  as  the  square  of  the  radius 
for  fixed  cylinder  height  and  fixed  volume  fraction  of  metal  in  the  drive 
cylinder.  Cylinders  containing  more  than  the  critical  volume  fraction, 
solid  disks  for  example,  show  a  dependence  of  the  torque  on  the  radius. 
The  former  dependence  is  to  be  expected  in  light  of  the  discussion  pre¬ 
sented  above.  The  latter  probably  arises  from  distortion  of  the  field 
H  by  the  cylinders  of  high  metal  content  so  that  no  additional  magnetic 
lines  are  cut  when  the  radius  is  increased,  but  the  only  effect  is  for 
the  lines  to  pass  through  a  longer  metal  path  length,  proportional  to  the 
radius . 


As  expected,  the  torque  developed  is  independent  of  the  speed 
of  rotation  of  the  applied  field  H  over  the  interval  150  to  1000  RPM 
examined  here.  The  permanent  magnet  is  normally  rotated  at  ca.  800  RPM 
by  an  induction  motor  with  an  attached  gear  train.  A  synchronous  motor 
could  be  used  in  its  stead  if  a  constant  speed  was  desired  for  some  other 
applications  (such  as  an  eddy  current  drive  in  the  rotor). 

The  magnet  used  here  was  obtained  from  the  Indiana  General 
Company  (number  20452F) .  A  soft  iron  spacer  was  removed  and  replaced  by 
a  longer  spacer  so  that  the  pole  separation  was  large  enough  for  our 
apparatus. 

D.  Mechanical  Construction  of  the  Rotor 

The  rotor  must  float  vertically  and  be  balanced  so  as  not  to 
wobble  perceptibly  about  the  axis  of  rotation.  The  weight  W  and  the  size 
of  the  rotor  are  related  to  the  density  d  of  the  liquid  in  the  annular 
gap  by  the  well-known  relation 

W  =  (Volume  Immersed)Xd  =  (LrtR^  +  ^  jtR^^)d 

where  Ri  is  the  rotor  radius  and  L  is  the  length  of  the  cylinder  wetted* 
(to,  but  not  including,  the  hemispherical  bottom).  The  weight  W  is 


Effects  of  the  meniscus  on  L  are  ignored  for  this  qualitative  discussion. 
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comprised  of  the  weight  of  the  glass  tube  Wg,  of  the  ceramic  ballast- 
driver  assembly  W^,  and  of  the  nylon  slit  Wg .  The  most  stable  configura- 

with  as  large  as  possible.  Since  Wg  increases  (approximately) 

with  Ri  X  L  and  W  increases  (approximately)  with  x  L,  it  is  clear  that 
Ri  must  be  increased  until  \/vi  is  large  enough  to  insure  stability.  For 
ordinary  glass  tubing  and  organic  liquids  (d  «  0.85),  Ri  must  be  about 
8  to  10  mm.,  and  W  ca.  17  g.  and  Wb  ca.  6  g.  Introduction  of  the  appro¬ 
priate  weight  of  ballast  material  normally  does  not  cause  the  tube  to 
float  in  a  vertical  position,  but  rather  the  tube  axis  assumes  some  angle 
of  cant  a  with  the  vertical.  Introduction  of  additional  ballast  will 
then  cause  the  tube  to  sink  lower,  but  will  not  appreciably  affect  a. 

Thus,  it  is  necessary  to  change  the  center  of  mass  of  the  system  by  affect¬ 
ing  the  distribution  of  mass  in  Wb  until  the  center  of  mass  and  the  center 
of  buoyancy  both  lie  on  the  axis  of  rotation  of  the  tube.  This  is  con¬ 
veniently  accomplished  by  drilling  small  (ca.  1  mm)  holes  around  the  peri¬ 
phery  of  the  ballast  and  filling  them  with  mercury  until  a  =  0.  The 
mercury  may  be  conveniently  added  with  a  50  pi  syringe  since  the  amount 
of  mercury  required  is  very  small,  the  tube  having  been  nearly  balanced 
by  previous  adjustment  of  Wb-  After  each  addition  of  mercury,  the  rotor 
is  placed  in  the  stator  and  observed  with  a  cathotometer  while  being 
rotated.  Any  imbalance  will  appear  as  a  periodic  wobble  in  the  rotor 
motion.  Rotors  are  commonly  balanced  so  that  the  wobble  is  less  than  0.02 
mm  by  this  method. 

The  materials  of  construction  must  be  consistent  with  operation 
over  an  extended  temperature  range  (0°C  to  180°C)  in  organic  media  and 
with  the  magnetic  drive.  The  latter  excludes  the  use  of  aluminum  cylinders 
for  either  the  rotor  or  the  slits,  for  example,  since  a  torque  would  then 
be  developed  from  the  eddy  currents  in  the  aluminum.  The  extended  tempera¬ 
ture  interval  excludes  most  organic  materials  from  use  as  a  ballast  since 
their  thermal  expansion  would  far  from  match  that  of  the  glass  rotor. 

Thus,  we  have  used  a  machinable  ceramic  material,  Alsimag,  as  ballast. 

This  material  has  a  thermal  expansion  coefficient  near  glass  and  may  be 
readily  machined  to  fit  into  the  bottom  of  the  glass  tube  and  drilled  to 
accept  the  drive  cylinder  and  the  mercury  drops.  The  ceramic  used  here 
shows  little  or  no  weight  change  due  to  vapor  adsorption  of  decalin  over 
the  temperature  interval  10°  to  100°C.  The  slits  are  machined  from  black 
nylon  in  the  form  of  a  cylinder  with  OD  slightly  under  the  ID  of  the  glass 
tube.  They  are  fitted  onto  a  shoulder  on  the  ceramic  ballast  and  held  in 
place  by  a  nylon  pin  placed  in  the  ballast.  Again,  vapor  adsorption  does 
not  appear  significant.  The  makeup  of  the  drive  cylinder  is  given  else¬ 
where  in  this  report.  The  entire  ballast-driver-nylon  slit  assembly  is 
cemented  into  the  glass  tube  with  an  inorganic  ceramic  cement  (Eccoceram 
WL-52,  Emerson  and  Cummings,  Inc.) 


E.  Alignment 

There  are  three  independent  members  to  be  aligned  relative  to 
each  other;  the  rotor,  the  stator  and  the  rotating  magnetic  field.  The 
alignment  of  the  rotor  is  discussed  in  the  preceding  paragraphs.  The 
stator  is  constructed  with  the  upper  end  cut  perpendicular  to  the  wall. 
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A  soft  plastic  plug  was  machined  to  a  snug  fit  in  the  stator  with  its 
upper  surface  perpendicular  to  its  wall.  This  surface  serves  as  a  plat¬ 
form  for  a  mirror  and  the  plastic  plug-stator  assembly  may  be  aligned 
in  a  vertical  position  by  observing  the  reflection  of  a  vertically  oriented 
light  beam  from  the  mirror.  The  stator  may  be  aligned  to  within  8  minutes 
of  angle  by  this  method. 

The  magnet  is  mounted  on  a  collar  machined  so  that  the  poles 
are  equidistant  from  the  axis  of  rotation  of  the  collar.  It  remains  to 
orient  this  axis  of  rotation  with  the  center  line  of  the  stator.  This 
alignment  is  necessary  to  prevent  the  rotor  from  experiencing  a  horizontal 
force  from  the  magnet,  which  can  (in  principle  at  least)  cause  it  to 
rotate  at  some  constant  angle  a  with  the  vertical.  This  cant  of  the  rotor 
will  be  constant  as  opposed  to  the  periodic  wobble  caused  by  an  improperly 
balanced  rotor.  The  magnet  and  its  drive  mechanism  are  mounted  on  a  plate, 
which  in  turn  may  be  moved  in  two  (nearly)  perpendicular  directions  by 
two  screws.  The  axis  of  rotation  of  the  magnet  is  first  aligned  with 
the  center  line  of  the  stator  by  inspection.  This  initial  adjustment  is 
facilitated,  through  reduction  of  refraction  effects,  if  the  stator  is 
filled  to  a  depth  of  ca,  10  mm  with  the  same  liquid  that  is  in  the  outside 
heat  exchanger  section  of  the  viscometer.  The  magnet  assembly  may  then  be 
positioned  so  that  a  scribe  mark  on  the  axis  of  rotation  of  the  magnet  is 
near  the  center  of  the  stator  as  viewed  vertically.  Further  adjustment 
may,  or  may  not,  be  required  depending  on  the  magnet  pole  strength  and 
the  distance  between  the  rotor  and  the  poles.  This  may  be  determined  by 
moving  the  magnet  along  an  arbitrary  direction  and  noting  the  change,  if 
any,  of  the  period  of  rotation  P  of  the  rotor.  If  P  is  unaffected  by 
slight  variations  of  the  magnet  position  in  different  directions,  the 
alignment  may  be  considered  complete.  If  P  is  affected,  then  a  magnet 
position  for  minimum  P  may  be  established  and  taken  as  the  position  where 
the  rotor  is  rotating  vertically,  otherwise  increased  shear  rate  due  to 
the  angle  of  cant  a  increases  P.  In  practice,  this  adjustment  is  not  too 
critical  since  the  angle  of  cant  increases  the  shear  rate  on  one  side  of 
the  rotor  and  decreases  it  on  the  other,  with  somewhat  compensating  results 
on  P.  When  required,  the  adjustment  is  probably  best  made  with  a  rotor 
which  leaves  only  a  small  gap  when  rotating  vertically  so  that  these 
effects  will  be  maximized  on  different  sides  of  the  rotor. 

Optical  inspection  of  the  gap  should  then  be  made  near  the  bot¬ 
tom  of  the  rotor  to  check  on  the  above  alignment.  Unfortunately, ^this 
direct  method  of  alignment  may  not  be  relied  on  because  of  the  effects 
of  refractions  in  the  viscometer  assembly  when  viewed  from  the  side,  but 
it  does  provide  a  reasonable  check  on  the  alignment. 

The  positioning  of  the  magnet  in  the  present  viscometer  is  not 
critical  owing  to  the  wide  gap  (90  mm)  between  the  pole  pieces.  With 
narrower  gaps  (or  with  stronger  pole  pieces) ,  more  careful  alignment  of 
the  magnet  is  required. 


F.  Operating  Characteristics 

1.  The  effects  of  rotor  position.  As  previously  described, 
the  rotational  hysteresis  drive  provides  a  constant  torque  despite  changes 


in  the  angular  velocity  Q,  =  27t/P  of  the  rotor  relative  to  the  rotating 
magnetic  field  H.  There  remains,  however,  the  possibility  that  H  is  not 
uniform  with  respect  to  the  vertical  position  y  of  the  rotor  drive  cylinder 
relative  to  the  magnet  pole  pieces  (y  =  0  may  be  taken  in  the  horizontal 
plane  bisecting  the  pole  pieces) ,  and  hence  that  the  torque  T  is  a  function 
of  y.  In  addition,  unknown  end  effects  from  either  the  bottom  of  the 
rotor  or  the  meniscus  can  cause  the  period  of  rotation  P  to  vary  with  y 
in  a  complex  manner.  The  relation  for  P  may  be  approximated  by 


P 


where 


(113) 


and  H2  is  a  term  to  account  for  remaining  end  effects  at  the  rotor  bottom 
and  at  the  meniscus.  Here  L  is  the  vertical  length  of  the  rotor  wetted 
by  liquid,  Ri  the  rotor  radius,  R?  the  stator  radius,  W  the  rotor  weight, 
h  the  height  of  liquid  in  the  end-gap  below  the  base  of  the  rotor,  t)  the 
liquid  viscosity,  and  d  the  liquid  density.  The  function  p(Ri,  R2)  is 
nearly  unity  for  the  geometric  arrangements  used  here*. 

The  term  Hi  in  the  square  brackets  approximates  the  contri¬ 
bution  of  the  viscous  loss  in  the  end-gap  bounded  by  the  rotor  base  and 
the  stator  base  relative  to  the  base  in  the  annular  gap.  Representative 
figures  for  the  parameters  in  Hi  yield  Hi  ~  I/8OO;  thus  Hi  is  not  expected 
to  contribute  significantly  to  P.  An  estimate  for  H2  is  not  made  as 
easily  as  it  includes  several  effects  not  readily  analyzed  (see,  for 
example,  ref,  80). 

An  estimate  for  the  effect  of  the  meniscus  height  A  (the  maxi¬ 
mum  height  of  the  meniscus  above  the  stator  top)  on  P  may  be  obtained 
experimentally  by  varying  A  over  the  small  range  available  between  the 
maximum  A  obtainable  for  a  given  liquid  and  the  minimum  A  for  which  the 
rotor  remains  centered.  The  value  for  A  may  be  varied  by  changing  the 
volume  of  liquid  in  the  annular  gap.  As  A  is  varied,  the  possible  change 
in  the  length  L  of  wetted  tube,  together  with  uncertain  viscous  loss 
in  the  region  of  the  meniscus  and  possible  variation  of  the  torque  with 
rotor  height  due  to  a  non-uniform  field  H,  causes  P  to  vary.  Actually, 

L  does  not  change  directly  with  A  since  the  rotor  height  changes  as  A 
is  varied.  Unfortunately,  the  change  in  P  with  A  is  significant,  ca. 

1  percent  per  mm.  Typically,  A  may  be  varied  over  a  3  mm  interval. 

This  dependence  of  P  on  A  necessitates  the  liquid  level  control  tube 
shown  in  Fig.  38.  This  tube  enters  at  the  bottom  of  the  rotor  and  is 
connected  to  a  syringe  so  that  A  may  be  maintained  constant  over  pro¬ 
longed  periods  of  time  and/or  with  temperature  changes.  It  should  be 


*p(Ri,  R2)  =  RiR27(Ri  + 
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noted  that  the  effects  of  A  per  ^  on  P  do  not  enter  in  so  direct  a  manner 
for  the  viscometer  construction  used  by  Zimm  and  Crothers  since  in  their 
case,  introduction  of  additional  liquid  into  the  viscometer  would  only  have 
raised  the  rotor,  leaving  A  unaffected.  The  meniscus  height  A  can  be  con¬ 
trolled  with  sufficient  precision  so  that  its  effects  on  P  are  insignifi¬ 
cant. 


Eq.  (113)  states  that  P  is  proportional  to  the  kinematic  vis¬ 
cosity  1-1=  q/d.  This  is  due  to  the  fact  that  a  rotor  of  given  weight 
will  ride  deeper  in  the  liquid  the  smaller  is  d.  A  single  rotor  may 
usually  be  used  in  liquids  over  a  range  of  densities  differing  by  ca. 

10  percent.  A  test  of  this  relation  was  made  by  comparing  the  ratio  of 
P  determined  for  Couette  flow  for  two  solvents  (decalin  and  tetralin)  with 
two  different  densities  (0.843  and  0.923)  respectively  with  the  ratio  of 
the  capillary  flow  times  for  the  two  solvents.  These  ratios  agreed  to 
within  5  percent.  This  result  is  acceptable  since  the  torque  may  well  depend 
on  the  rotor  height  which  varied  by  5  mm  in  this  experiment.  This  varia¬ 
tion  is  not  inconsistent  with  that  found  by  variation  of  A  and  may  indicate 
that  the  torque  depends  on  the  rotor  height  through  non-uniformity  of  the 
field  H.  In  any  case,  this  result  indicates  that  P  is  nearly  proportioned 
to  p  over  a  wide  range  of  rotor  heights  y. 

2.  The  effects  of  temperature.  The  variation  of  P  with  tem¬ 
perature  t  for  a  given  liquid  is  due  in  part  to  variation  of  p  with  t, 
and  in  part  to  the  effect  of  t  on  the  torque.  The  first  effect  may  be 
eliminated  by  dividing  P  by  the  factor  exp[A(t  -  tj.)/(t  -  B)  ]  where  A 
and  B  are  here  regarded  as  empirical  constants  to  be  determined  from  the 
dependence  of  capillary  flow  times  on  t,  and  tj.  is  a  reference  temperature. 
The  remaining  dependence  of  Pexp[-A(t  -  tj.)/(t  -  B)  ]  on  t  may  be  assigned 
to  dependence  of  the  torque  on  t.  Fig.  39  shows  a  plot  of  data  for  decalin 
(a  cis-trans  mixture,  for  which  A  =  8.03,  B  =  173°C,  and  t  =  30°C)  treated 
in  this  way  over  the  temperature  interval  12°  to  100°C.  The  graph  illus¬ 
trates  the  three-fold  variation  in  T  found  over  this  temperature  range*. 

The  torque  is  still  large  enough  to  be  usable  for  decalin  at  140°C. 

The  cause  of  this  effect  has  not  been  investigated  fruther,  but  is  pro¬ 
bably  related  to  changes  in  the  properties  of  the  Ferroxcube  4B  with 
temperature. 

It  is  found  that  ln[Pexp[-A(t  -  t^)/(t  -  B) ] ]  depends  almost 
linearly  on  t.  This  means  that  the  percentage  change  in  T  with  temperature 
is  nearly  constant  (at  about  0.18  percent  per  degree). 

3.  The  average  shear  rate .  The  shear  rate  in  Couette  flow 
does  not  vary  signf leant ly  across  the  gap  for  gaps  narrow  compared  to 
the  annular  radius.  The  average  shear  rate  (k)  may  be  calculated  from 


J  R  2KrK(r) dr 
(k)  ^ 


The  small  (ca.  5%)  change  in  P  due  to  the  changing  rotor  height  is 
neglected. 
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Pexp- 


t(C‘’) 


Figure  39  Dependence  of  the  torque  derived  from  a  rotational 
hystersis  motor  on  temperature. 
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with  k(v)  =  T/2nTiLr^,  T  denoting  the  torque.  The  result  gives 


/R„  +  Rs 

The  factor  f(Ri,R2)  differs  insignificantly  from  unity  for  our  viscometer*. 
The  value  for  K(r)  varies  by  only  ca.  10%  over  the  entire  gap.  Typical 
values  of  Ri  and  R2  for  our  viscometer  (R^  =  9  mm,  Rg  =  11  mm)  yield 


(k)  =  lOjt/P 


Thus,  since  P  «  30  sec/rev  for  decalin  at  25°C,  (k)  «  1  sec.‘i.  Lower 
values  of  (k)  can  be  obtained  if  desired  by  reducing  the  torque  T  through 
reduction  of  the  volume  of  Ferroxcube  in  the  rotor.  Increasing  Rg  -  Ri 
would  not  decrease  (k)  since  P  would  decrease  proportionally  to  the  increase 
in  R2  -  Ri,  leaving  (k)  almost  unchanged. 

G.  Photoelectric  Timer 

The  period  of  rotation  P  (sec/rev)  is  determined  by  a  photo¬ 
electric  timing  device.  Two  slits  (0.25  mm  wide)  are  cut  180°  apart  in 
a  nylon  cylinder  attached  to  the  ballast.  The  slits  allow  a  pulse  of 
light  to  reach  a  photo  resistor  every  half  revolution.  Fig.  40  is  a 
schematic  drawing  of  the  circuit  used  to  count  and  time  these  pulses. 
Manipulation  of  the  switch  S  causes  the  pulses  to  start  a  timer,  count 
the  number  of  pulses  for  a. desired  time  interval,  and  then  stop  the  timer. 
This  device  has  been  used  to  measure  P  to  within  0.02  sec.  for  P  in  the 
range  5  to  60  sec/rev.  Since  several  revolutions  may  be  timed  to  increase 
the  total  time  interval  to  ca.  100  sec.,  the  value  of  P  may  be  determined 
readily  to  within  0.02%,  so  far  as  the  timing  error  per  se  is  concerned. 

It  is  necessary  to  insert  a  heat  absorbing  glass  in  the  optical 
train  to  prevent  the  rotor  temperature  from  being  affected  by  infra-red 
radiation  from  the  lamp. 


H.  Intrinsic  Viscosity  Measurements 

Measurement  of  the  intrinsic  viscosity  at  low  shear  rate  only 
requires  P  to  be  proportioned  to  t]  (or  rj/d)  since  the  values  Pg,  for 
the  solution,  and  Pq,  for  solvent,  are  measured  under  conditions  such 
that  all  of  the  terms  on  the  rhs  of  Eq.  (113)  except  q/d  are  constant. 
Thus,  the  ratio  Pg/PQ  required  for  computation  of  [q]  does  not  depend 
on  the  details  of  the  operating  characteristics  of  the  viscometer.  It 
is  necessary  to  maintain  the  meniscus  height  A  at  a  constant  value  during 
measurement  of  Pg  and  Pq  since  P  has  been  demonstrated  to  vary  with  A, 
but  this  may  be  satisfactorily  achieved. 


*f(Ri,R2)  =  8Ri2R22[in(R2/R^)  ]/[(R2  -  Rj  (Rg  +  Ri)^] 
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The  apparatus  requires  ca.  15  ml  of  liquid  for  operation,  about  5  ml  of 
.  this  being  required  to  fill  the  side-arm. 

Measurements  are  currently  in  progress  to  evaluate  the  long 
term  (order  of  days)  stability  of  the  apparatus  prior  to  beginning  extensive 
viscosity  investigations.  We  must  determine  how  frequently  a  standard 
fluid  should  be  checked  to  provide  a  stable  reference  for  the  torque 
before  undertaking  measurements  on  the  system  polystyrene-decalin  as  a 
function  of  temperature. 
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XI.  Differential  Refractometer 


G.  C.  Berry 


A.  Introduction 

A  differential  refractometer  with  a  precision  of  +  2  x  10”^ 
refractive  index  units  has  been  designed  and  constructed.  The  instrument 
is  of  the  double  prism  type,  in  which  the  angular  deviation  of  a  light 
beam  caused  by  the  prismatic  action  of  a  two  compartment  liquid  cell  is 
determined.  The  particular  design  employed  here  closely  follows  one 
used  by  Prof.  L.  D.  Costing  (University  of  Wisconsin).  The  principles 
of  construction  and  operation  are  discussed  below  and  some  experimental 
results  are  described. 


B.  Instrument  Design 

The  instrument  is  shown  schematically  in  Fig.  41.  The  light 
from  a  mercury  vapor  lamp  (G.E.  AH3)  is  collected  by  a  lens  and  focused 
on  an  adjustable  slit  after  either  the  4358\  or  5461\  light  has  been 
isolated  by  Corning  color  filters.  The  adjustable  slit  (Gaertner 
Scientific  Corp. ,  Model  L161D)  provides  a  secondary  source  slit  of  > 

0.03  mm  in  width.  A  normal  setting  is  0.05  mm.  The  slit  is  placed  in 
the  focal  plane  of  a  long  focal  length  (f  ^  520  mm)  lens  so  that  nearly 
parallel  light  passes  through  the  cell.  Two  windows  are  placed  in  the 
light  beam  as  part  of  a  thermostat  system.  These  windows  must  be  wedge- 
shaped  in  order  to  prevent  formation  of  extraneous  interference  fringes 
in  the  final  image.  A  second  long  focal  length  lens  (f  520  mm)  is  used 
to  focus  the  image  of  the  slit  on  a  glass  slide  with  scale  divisions 
engraved  precisely  every  0.1  mm  (by  L.  Nichols;  Fort  Collins,  Colorado). 
The  position  of  the  image  relative  to  the  nearest  adjacent  scale  mark  may 
then  be  accurately  determined  with  a  filar  microscope  (Gaertner  Scientific 
Corp.,  Model  M113A)  reading  to  0,0005  mm.  The  filar  microscope  is  posi¬ 
tioned  relative  to  the  slit  image  on  the  glass  scale  by  a  microscope 
carriage  (Gaertner  Scientific  Corp.,  Model  M-301).  It  was  necessary  to 
enclose  the  light  path  from  the  adjustable  slit  to  the  first  lens  and 
from  the  second  lens  to  the  glass  scale  in  tubes  to  minimize  image 
fluctuations  due  to  air  disturbances. 

The  cell  housing  is  thermostated  as  shown  schematically  in 
Fig.  42.  The  space  between  the  lens  and  window  is  filled  with  a  dry 
atmosphere  and  supplied  with  a  dessicant  breather  tube  to  facilitate 
measurements  near  0°C.  The  cell  is  enclosed  by  an  annular  heat  exchanger 
capable  of  holding  the  temperature  to  +  0.05°C  or  better  over  the  tem¬ 
perature  range  of  interest.  Heat  exchange  liquid  is  pumped  through  the 
exchanger  from  an  external  bath.  The  cell  rests  on  a  holder  which  may 
be  rotated  precisely  through  180°  to  increase  the  instrument  sensitivity 
by  a  factor  of  two  if  desired. 

A  top  view  of  the  cell  is  shown  schematically  in  Fig.  41.  It 
is  cubical  with  a  glass  plane  placed  at  a  diagonal  to  the  light  beam. 
Solution  and  solvent  are  placed  in  the  two  compartments  to  form  the  prism 
and  cause  an  angular  displacement  of  the  beam  as  it  passes  through  the 
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Microscope 
and  Carriage 
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Figure  41  Schematic  drawing  of  optical  components  of  the  differential  refractometer 


Rotatable  Cell  Holder 


Figure  42  Schematic  drawing  of  differential  refractometer  thermostat 
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^Annular  Heat  Exchanger 

Insulated  Space  Iq  Proportion 


cell.  The  two  compartments  are  sealed  in  such  a  way  that  material  trans 
fer  between  them  by  "creeping”  or  evaporation  of  liquids  is  prevented. 


C.  Data  Analysis 

The  angular  displacement  experienced  by  the  light  beam  has 
been  analyzed  by  Brice  and  Halwer.  The  resulting  relation  for  the  dis¬ 
placement  of  the  image  is  given  by  Eq.  (114)  provided  the  cell  is  not 
rotated. 


(114) 


The  sum  of  two  relations  like  Eq.  (114)  with  opposite  signs  for  the  second 
term  on  the  rhs  holds  if  the  data  are  for  a  cell  rotated  through  180°. 

Here  k  is  (cot  i)/f5  An  is  the  refractive  index  difference  between  solu¬ 
tion  and  solvent.  Ad  is  the  movement  of  the  image  caused  by  An,  i  is  the 
angle  of  the  diagonal  plate,  f  is  the  focal  length  of  the  lens  and  xiq 
is  solvent  refractive  index.  The  +  signs  refer  to  reversal  of  solvent 
and  solution  is  the  two  cell  compartments.  Eq.  (114)  predicts  a  linear 
dependence  of  An/Ad  on  Ad  rather  than  the  constant  value  for  Z\n/Ad  that 
results  when  the  Ad  is  measured  for  a. cell  rotated  through  180°.  For  the 
cells  being  used  (Brice-Phoenix  Corp,),  cot  i  ^  0.37.  Thus,  Z\n/Ad  is  of 

the  order  0.37/520  =  0. 71  x  lO”^  as  Ad  approaches  zero.  Eq.  (114)  pre¬ 
dicts  ca.  27o  decrease  in  An/Ad  by  the  time  Ad  =  10  mm. 


D.  Optical  Performance 

The  image  formed  on  the  glass  scale  in  the  absence  of  the  cell 
is  a  1:1  magnification  of  the  secondary  slit  image,  and  is  thus  ca.  0.05 
mm  wide.  The  introduction  of  the  present  cells,  however,  imposes  a  4  mm 

aperture  in  the  optical  train  and  results  in  a  broadening  of  the  slit 

image  and  the  separation  of  weak  interference  bands  at  the  sides  of  the 
primary  image.  As  a  result,  the  image  braodens  to  ca.  0.10  mm  and  becomes 
less  distinct.  This  phenomenon  can  be  altered  by  using  cells  with  a 
larger  aperture,  and  fabrication  of  such  cells  is  currently  being  investi¬ 
gated,  In  the  meantime,  insertion  of  a  double  slit  mark  (see  Fig.  41) 
immediately  after  the  cell  aids  in  formation  of  more  distinct  and  somewhat 
narrower  images,  ca.  0.070  mm  wide.  If  the  ratio  of  the  width  between 
slits  to  the  slit  width  is  k,  then  there  will  appear  (2k4-l)  images  instead 
of  one.  Only  the  position  of  the  central  image  is  of  interest,  however, 

Typically,  k  =  2  or  3,  Slits  with  larger  k  result  in  too  large  a  reduc¬ 

tion  in  the  intensity  to  be  generally  useful. 
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E.  Instrument  Performance 

The  instrument  has  been  calibrated  with  KC1:H20  and  sucrose: 

H2O  solutions.  The  results  are  given  in  Fig.  43. 

The  estimated  error  in  measurement  of  Ad  is  ca.  +  0.003  mm  or 
less.  The  largest  source  of  error  in  the  data  is  believed  to  be  the 
calculated  concentrations  necessary  for  determination  of  An.  Even  so, 
the  data  are  good  to  +  0.5%,  as  may  be  seen  in  Fig,  43,  This  is  probably 
typical  of  the  instrument  in  normal  use  in  that  Ad  measurement  will 
usually  be  known  to  better  precision  than  the  corresponding  concentrations 
The  line  drawn  in  Fig.  42  gives  a  2.8  percent  reduction  in  An/Ad  for  Ad  = 
10  relative  to  the  value  for  Ad  =  0,  in  fair  agreement  with  the  expected 
value.  In  addition,  the  initial  value  of  An/Ad  =  0.701  x  10  ^  is  in  satis 
factory  agreement  with  that  estimated  by  (cot  i)/f  since  neither  of  the 
two  parameters  i  and  f  are  known  with  precision. 
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PART  II  -  FLOW  IN  CONCENTRATED  POLYMER  SYSTEMS 


I.  The  Dependence  of  the  Zero  Shear  Melt  Viscosity  and  the  Related  Friction 
Coefficient  and  Critical  Chain  Length  on  Measurable  Characteristics  of 
Chain  Polymers*  -  T.  G  Fox  and  V.  R.  Allen 


A.  Introduction 


Strong  confirmation  of  the  equation  of  F.  Bueche  for  the  zero 


1,2 


shear  viscosity  of  short  polymer  chains  ’ 

.N„,.  /■^\  Z 


T]  = 


(fo'j  fw 

^6  ^  ^  V 


(115) 


was  provided  in  an  earlier  discussion  (ASD-TR  61-22 ,  Part  III)  by  the  suc¬ 
cessful  computation  of  this  coefficient  for  short  chain  polystyrenes  (Z  <  Z^) 
from  the  independently  measured  values  of  the  pertinent  molecular  parameters. 
(Here,  Z^  denotes  the  weight  average  number  of  chain  atoms  per  polymer  mole¬ 
cule;  V  is  the  specific  volume  of  polymer;  and  ^  is  the  frictional  coefficient 
per  chain  atom.)  Conversely,  the  theoretical  equation  facilitates  precise 
determination  of  ^  from  viscosity  data  and  of  the  critical  chain  length  Z^ 
above  which  the  Bueche  equation  for  short  chains  fails. 


A  general  equation  for  q  (obtained  by  simultaneous  solution  of 
Eq.  (115)  and  the  empirical  flow  law,  q  =  KtZ^’^,  for  long  chains)  appli¬ 
cable  to  polymer  homologs  of  any  length  was  also  proposed 


N 


h  = 


/s^\  z  a 


(116) 


(X  =  3.4  for  Z  >  Z 

w  ^  c 


a  = 


Alternatively,  but  defining 
Eq,  (116)  in  the  form 


1.0  for  Z  <  Z 
w  ""  c 


c 


we  may  write 


(117) 


OL  =  3.4  for  X  >  X 

—  c 

a  =  1.0  for  X  <  X 

c 


*This  work  was  additionally  supported  in  part  by  the  Office  of  Naval  Research 
under  Contract  No.  Nonr  2693(00). 
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The  ;^lues  of  and  Xj,  (and  of  Zg  below)  and,  for  sufficiently  long  chains, 


inc  V  ct  X  ut;  S  UX  aiiu  <-»0  - - - - - O  - 

of  (sq/M) ,  V,  and  ^  are,  at  a  given  temperature,  expected  to  be  constants 
characteristic  of  the  polymer  type  but  independent  of  Z.  The  dependence, 
if  any,  of  Zg, 
dimensions  is  unknown. 


Xg  and  Zg  on  chain  structure  and  on  the  reduced  chain 


Expressions  virtually  identical  with  Eqs.  (116)  and  (117)  may 
also  be  deduced  by  simultaneous  solution  of  Eq.  (115)  and  Bueche's  theore¬ 
tical  equation  for  the  zero  shear  viscosity  of  long  chains 


■Ni^  r  X  2  N?  •  ^ 

-  i  ^  P) 


,3.5 


v/^v^Z^f(k) 
a  e 


z  »  z 


(118) 


Here 


Zg/fM 


6Mg»^(sg/M)^Z^  I"/'* 

64  v^ 


(119) 


Evidence  was  presented  in  the  preceding  report  suggesting  the  applica¬ 
bility  of  Eq.  (119)  for  polystyrene. 

The  q-T-Z  data  for  polystyrene  fractions  and  blends  are  repre¬ 
sented  by  Eq.  (116).  The  friction  coefficient  is  given  approximately  by 

c  C  X  “  T  ^ 

a  W-L-F  type  equation^ log  ^  =  log  —  Cg  +  't  "^Tg  with^ 


1 

T 

g 


K 

_£ 

M 

n 


(120) 


where  T  and  K  are  constants  characteristic  of  the  given  homologous 
polymer  Series. 

To  provide  additional  tests  of  Bueche's  theories,  and  to  obtain 
values  of  Zg  (also  Xg  and  Zg)  and  of  ^  for  many  different  polymers,  we  now 
fit  to  the  above  equation  available  q-Z-T  data  for  various  well  defined 
polymeric  systems.  Simple  equations  of  broad  applicability,  relating  Zg, 
and  q  to  experimentally  assessable  parameters,  for  long  and  short  chain 
linear  polymers,  for  branched  polymers,  and  for  polymer-diluent  mixtures 
are  thereby  established. 


B.  The  General  Plan 

Here  we  propose  to  fit  Eq.  (116)  to  available  viscosity  data 
for  different  polymeric  systems,  and  to  evaluate  Z^  and  ^  from  data  on 
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the  measurable  molecular  characteristics  Z^,  v,  and  ©  .  Tests  of  the 

applicability  of  Eq.  (116)  will  be  the  ability  to  reproduce  the  q-Z-T  data 
satisfactorily,  and  agreement  between  the  values  of  ^  derived  here  and  the 
corresponding  literature  values  obtained  from  viscoelastic  relaxation 
spectra.  Finally  we  seek  expressions  of  general  applicability  relating  ^ 
and  Zc  (hence  X^.  and  Zg)  to  other  readily  measured  characteristics  of  the 
structure  and  composition  of  the  macromolecular  system. 

The  computation  of  ^  by  means  of  Eq.  (115)  from  viscosity  data 
for  Z  <  Zj,  is  straightforward.  In  this  range,  generally,  ^  increases  with 
Zn  towards  an  asymptotic  limit  which  in-  some  instances  (coincidentally) 
may  be  approached  only  in  the  vicinity  of  Unfortunately,  positive 

deviations  from  Eq.  (116)  are  generally  found  in  this  transition  region, 
rendering  difficult  the  precise  determination  of  the  limiting  value  of  ^ 
for  long  chains.  Of  course,  it  can  be  determined  readily  by  Eq.  (116) 
from  q  at  Z  >  Zc  provided  the  value  of  Zc  is  known.  Hence,  we  undertake 
first,  in  the  following  section,  to  evaluate  for  different  polymeric 
materials  of  interest. 


C.  The  Critical  Parameters  Z^  and 

Two  methods  (illustrated  by  Figs.  44  and  45)  are  used  to  evaluate 
Zj,  for  the  four  homopolymers  in  Table  XVIII  for  which  most  extensive  q-M 
data  are  available. 

The  first  method  of  determining  Z^  from  viscosity  data  is  based 
on  Eq.  (116).  Writing  Eq.  (116)  for  a  reference  polymer  of  Z*  >  Z^  and  of 
viscosity  q*,  and  for  a  polymer  of  Z  <  Z^  of  viscosity  q  and  rearranging, 
we  have : 


3.4  log  Z*  —  log  q*  +  log  q/z  =  2.4  log  Z^  log  (^*/^)  (121) 


A  plot  of  the  left  side  of  Eq.  (121)  vs.  log  Z,  for  a  series  of  polymers 
of  Z  <  Z*,  will  be  a  horizontal  line  with  ordinate  equal  to  2.4  log  Zj,,  if 
Z  <  Z(,  and  ^  =  ^*.  For  Z  >  Z^,  higher  values  of  the  ordinate,  increasing 
with  increasing  Z  will  obtain;  below  a  certain  range, will  be  >  1, 
and  lower  values  of  the  ordinate  will  result  with  decreasing  Z.  The  value 
of  Zj,  can  be  computed  from  the  magnitude  (2.4  log  Z^,)  of  the  intermediate 
horizontal  line;  as  a  further  check,  the  line  representing  the  ordinate 
for  Z  >  Z^,  of  slope  2.4,  should  intersect  the  horizontal  line  at  Z  =  Z^.- 

Plots  conforming  to  Eq.  (121)  are  shown  in  Fig.  44  for  several 
polymers  for  which  the  appropriate  data  are  available.  Generally,  a  value 
of  Zc  (Table  XVIII)  can  be  determined  within  +  10  percent  from  the  height 
of  the  horizontal  region  of  the  plot,  or,  with  less  precision,  from  the 
point  of  intersection  of  this  line  with  the  line  of  positive  slope  obtained 
for  higher  molecular  weights. 

A  second  method  is  based  on  the  use  of  empirical  expressions^” 
for  the  dependence  of  the  viscosity-temperature  coefficient  on  T  and  Z^ 
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Log  Z 

Figure  44  Reduced  viscosity  function  3.4  log  Z^*  —  log  t)*  +  log  (il/z)  versus  log  Z  for  anionic 
polystyrene  ▲  (see  ASD-TR  61-22,  Part  III),  free-radical  polystyrene  ’  A,  polyvinyl 
acetate®  □,  polyisobutylene^  O,  and  polydimethyl  siloxane^^  ^0-  (The  arrows 
designate  shifts  in  the  ordinate  scale,  of  the  indicated  magnitude.) 


Reduced  viscosity  function  log  r\  A/Tj^  exp  (-p/Zj^)  versus  log  Z 
for  polyisobutylene^  0,  polydimethyl  siloxane^O’i^  <>  polyvinyl 
acetate®  0,  anionic  ▲  and  free-radical  A  polystyrene  >  . 


Table  XVIII 


Values  ot  Z_  and  of  for  Various  Polymers 

«—  Q  '  '  C 


Polymer 


-100 

d  In 

(!o' 

T°C 

[_  dT 

%/ioo' 


Computation  of 


Z  Values  from  Fig.  44 
c _ 


Poly isobutylene 

460 

25-217° 

319,20 

10.5 

4.3/20°^ 

Polydimethyl 

siloxane 

630 

25° 

721 

8.9 

5.4/20°^ 

Polystyrene 

600 

160-217° 

1622 

7.8 

4.7/160°®’’^ 

Polyvinyl  acetate 

570 

120-160° 

3023-26 

6.8 

4.4/l20°2® 

Z  Values 
c 

from  log  ■q  vs.  log  Z 

Polyethylene 

275 

140° 

1720 

18.8 

4.l/l40°® 

Polydecamethylene 

sebacate 

290 

109° 

172^ 

4.9/25°2® 

Poly-€-caproamide 

324 

253° 

15.52"^ 

5.0/25° 

Polyoxypropylene 

glycol 

400 

25° 

-- 

8-11^^>27 

(3. 2-4. 4)/ 
25° 

Polydecamethylene 

adipate 

280 

109° 

1027 

2.7/25°22 

Polymethyl 

methacrylate 

210 

140° 

61^ 

6.2 

1.5/l40°® 

^The  first  four  values  are  from  Fig.  44.  The  remainder  are  from  ref.  13,  except 
for  polyoxypropylene  glycol^^  and  polyethylene  (estimated) . 

\alues  of  the  temperature  dependence  of  (s^/m)  for  polyisobutylene ,  polyethylene, 
polydimethyl  siloxane  are  based  on  relatively  precise  modulus -temperature  measure¬ 
ments  for  the  others  "best"  values  were  computed  from  (k/'I>)2/^/6  using  $  = 

2.1  X  10^^  and  values  of  K  at  different  temperatures  taken,  or  estimated  from  the 
indicated  literature.  The  estimate  for  polyoxypropylene  glycol  is  based,  in  part, 
on  values^^  for  polyethylene  oxide  and  polypropylene  oxide.  The  v-T  data  were 
taken  from  the  indicated  sources  in  column  6  (see  d  below) . 

^Computed  at  temperature  noted  in  column  6;  source  references  given  here  or  in 
column  4. 

^Computed  from  (s^/m)-Zc/v,  with  values  of  v  from  the  indicated  literature.  For 
poly-€-caproamide  and  polyoxypropylene  glycol  v  was  taken  as  unity. 
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to  "correct"  the  observed  viscosities  for  the  effects  of  change  in  density 
with  changes  in  these  variables.  Plots  of  the  "corrected"  log  r\  vs.  log  Z 
should  then  yield  two  straight  lines  of  slope  1.0  and  3.4,  intersecting  at 
Z  =  Zc-  For  this  purpose  we  employ  an  empirical  expression  of  the  form 


^corrected 


log  T] 


obs 


JlI 


(122) 


Here,  A,  n,  and  p  are  characteristic  of  the  homologous  series.  Data  for 
various  polymers  treated  in  this  way  are  plotted  in  Fig.  45;  in  each  case, 
the  data  could  be  represented  by  straight  lines  of  slope  1  and  3.4,  with 
the  point  of  intersection  defining  Z^.  The  numbers  thus  obtained  agree, 
within  the  estimated  experimental  uncertainty  (+  10  percent),  with  the 
corresponding  values  obtained  in  Fig.  44. 

The  values  of  obtained  in  Fig.  44  are  lower  than  the  corres¬ 
ponding  numbers  determined  earlier  from  the  same  data®’^^.  Previously, 
lines  of  slope  greater  than  one  were  employed  to  fit  the  data  for  log  t]  vs. 
log  Z  in  the  low  molecular  weight  range;  i.e.,  the  point  of  intersection 
with  the  line  for  the  high  molecular  weight  range  was  influenced  by  the 
rate  of  decrease  of  ^  with  decreasing  Zn.  We  believe  the  present  method, 
wherein  compensation  is  made  for  this  change  of  ^  with  Z,  yields  values 
of  Zc  of  more  theoretical  significance. 

Values  of  Z^.  for  six  other  polymers  are  also  listed  in  Table  XVIII. 
Those  numbers,  determined  from  log-log  plots  of  t]  vs.  Z,  would  be  little 
changed  (except,  perhaps,  for  poly-e-caproamide)  if  the  data  were  plotted 
by  the  methods  of  Figs.  44  or  45,  since  the  coefficient  (d  In  ri/dT)  is 
relatively  small  and  insensitive  to  Z,  and  the  slope  of  log  t]  vs.  log  Z 
for  Z  <  Z^  is  not  markedly  different  from  unity.  The  data,  however,  are 
not  sufficiently  extensive  to  define  Z^  within  the  precision  (+  10  percent) 
cited  above.  For  poly- (methyl  methacrylate)  the  value  of  Zq  is  extra¬ 
polated  from  that  found  for  25%  solutions  in  diethyl  phthalate^^. 

Differences  in  excess  of  the  above  uncertainties  exist  between 
values  of  Z  for  different  polymers  in  Table  XVIII.  For  example,  Z^ 
values  for  polydimethyl  siloxane,  polystyrene,  and  polyvinyl  acetate 
(ca.  600)  are  more  than  twice  that  (ca.  280)  found  for  polyethylene  and 
for  the  two  paraffin-like  polyesters. 

Conceivably,  differences  in  the  values  of  Z^  for  different 
polymers  are  related  to  differences  in  some  measurable  characteristics 
of  their  chain  structures.  In  seeking  such  a  relation,  we  compute  values 
of  X  =  (sg/M)Zc/v  for  different  polymers.  For  the  first  seven  polymers 
in  Table  XVIII  the  values  of  X^  agree,  within  the  estimated  experimental^ 
uncertainty  (+  15  percent  for  the  first  four  and  +  20  percent  for  the  next 
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three)*  and  average  (4.7  +0.4)  X  10"^^;  furthermore_^there  is  no  dis¬ 
cernible  trend  in  the  values  of  with  decreasing  (sg/M) ,  though  values 
of  the  latter  vary  by  nearly  a  factor  of  three.  Lower  values  of  are 
computed  for  the  last  three  polymers;  these  values  are,  however,  less 
certain.  Although  more  precise  studies  may  establish  variations  of  X^ 
with  structure,  for  the  present  we  hypothesize  that  Xc  i£,  approximately 
at  least,  a  universal  cons tant  for  flexible  chain  macromolecular  sys terns . 

i.e.,  that 


4.7  X  10 


-15 


(123) 


We  can  now  rewrite  Eq.  (117)  as  follows; 


Tj  =  4.8  X  10^  (  ^ 

V4.7  X  10  X 


(124) 


a 


=  3.4  for  X  >  4. 7  X  10 


-15 


a  =  1.0  for  X  <  4.7  X  10 


■15 


It  appears  that  for  a  homologous  series ,  r[  ^s  proportionals  to  X  till  X 
Ittains  ^  critical  value  X^,  the  same  ^  all  polymer  systems^  and 
thereafter,  abruptly,  for  longer  chains,  i£  proportional  to 

Eq.  (123)  is  useful  for  estimating  from  molecular  parameters 
when  the  necessary  q-Z  data  for  its  direct  evaluation  are  not  available. 
This  also  makes  possible,  in  such  instances,  the  computation  of  ^  by 
(124)  from  a  measurement  of  q  for  a  single  long  chain  sample. 

Assuming  constancy  of  X^,  we  obtain  by  differentiation  of  Eq. 
(123)  an  equation  for  the  temperature  dependence  of  Z^ 


*0n  the  assumption  of  a  precision  of  +  10  percent  for  Z^  and  for  (sg/M), 
the  precision  for  Xq  is  estimated  as  ca.  +  15  percent  for  the  first  four 
polymers  in  Table  XVIII.  Appreciable  additional  error  may  exist  in  the 
estimate  of  Z^,  for  polyethylene  and  poly- (methyl  methacrylate)^of  v  for 
poly (e-caproamide)  and  for  poly- (oxypropylene  glycol),  and  of  Sq/M  for 
the  latter  polymer  and  for  poly- (decamethylene  adipate).  Errors  may  be 
introduced  in  three  instances  by  the  computation  of  X,,  using  values  of 
T^/m  determined  at  25°  and  of  Z^  determined  at  higher  temperatures;  on 
tRe  other  hand,  values  of  Z^  insensitive  to  temperature  were  found  for 
other  polymers  for  which  extensive  q-Z-T  data  exist. 
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d  In  V 
dT 


(125) 


d  In  Z 
_ c 

dT 


d  In(s2/M) 
dT 


For  most  polymers  the  increase _ in  v  with  temperature  is  about  5  to  10 

percent  per  100°C,  and  d  ln(s2/M)/dT  is  negative.  The  latter  coefficient, 
however,  may  be  zero  or  even  positive.  Values  of  -d  ln(sQ/Mv)/dT  (in 
Table  XVIII)  correspond  to  an  increase  in  of  about  5  to  30  percent 
per  100°,  i.e.,  to  an  "apparent  heat  of  association"  of  10^  to  10^  cal/ 
mole.  Precise  determination  (within  +  10  percent)  of  Z^  from  t]-Z  plots 
at  two  temperatures  have  been  made  in  only  a  few  cases  and  then,  except 
for  polyisobutylene,  only  for  a  50°  interval.  In  no  case  do  such  data 
indicate  a  temperature  coefficient  for  Z^  in  excess  of  the  corresponding 
value  indicated  in  the  table. 

In  the  next  section  we  consider  the  relation  between  values  of 
^  deduced  by  application  of  Eq.  (116)  to  data  for  various  polymers  with 
corresponding  values  determined  from  the  observed  relaxation  spectra. 

We  shall  then  return  to  further  consideration  of  the  influence  of  chain- 
coil  dimensions  and  density  on  the  values  of  q,  X^,,  and  Zg. 


D.  The  Frictional  Coefficient  Per  Chain  Atom,  ^ 

We  now  compute  by  Eq.  (116)  values  of  ^  for  various  polymers 
from  available  q-T-Z  data  and  values  of  s^/Mv  (from  the  numbers  in 
Table  XVIII).  The  results,  represented  as  the  open  symbols  in  the  plot 
of  log  ^  vs.  T  -  Tg  in  Fig.  46,  are  in  good  agreement  with  the  correspond¬ 
ing  measures  of  ^  (solid  symbols  in  Fig.  46)  determined  independently^^ 
from  the  observed  viscoelastic  relaxation  spectra  and  application  of  the 
Rouse  theory^^.  This  agreement  is  again  strong  evidence  for  the  validity 
of  Bueche 's  theoretical  Eg.  (116)  for  the  zero  shear  viscosity  of  short 
chains,  and  of  the  empirical  extension  Eq .  (116)  ,  for  long  chains . 

In  a  later  section  we  shall  seek  an  empirical  relationship  for 
predicting  ^  for  different  polymer  systems  from  other  measurable  struc¬ 
turally  dependent  characteristics  of  the  system.  We  now  return  to  the 
influence  of  chain  dimensions  and  density  on  q,  Z^,,  Xg,  and  Zg. 


E.  Effect  of  Branching  and  of  Diluent 


The  quantity  (sq/m) (z/v)  designated  here  as  X  arises  in  the 
^Yat ion^ ^ ^  of  Eq.  (115)  in  the  computation  of  the  product  of  the  moment 
of  inertia  of  the  average  polymer  coil  with  the  number  of  chains  per  unit 
volume.  This  suggests  that  for  branched  polymers,  where  the  mean  square 
radius  of  gyration  is  smaller  by  a  factor  g  than  that,  (s^/m)^,  of  the 
corresponding  linear  polymer,  and  in  the  presence  of  a  diluent,  where 
the  volume  fraction  of  polymer  is  ^nd  the  partial  specific  volume  is 
Vi,  we  should  expect  ^  Zg6^" 


X  = 


(!o) 

V 


1  -■ 
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Inserting  this  in  Eq.  (116),  we  get 


X  <  4. 7  X  10 


-15 


q  = 


6X 


2.4 


(!l)  L 

''H  V, 


3.4 


(g$^Z)^-^.^;  X  >  4.7  X 


10 


-15 


g4>^Z 


c 


(125) 


(126) 


Of  course,  ^  may  also  be  affected  by  branching  or  the  addition  of  diluent 
but  the  effect  should  be  separable  from  that  on  X. 

Data  for  linear  and  branched  poly-e-caprolactam^^  plotted  in 
Fig.  47  as  log  q  vs.  log  (gZ) ,  where  g  =  (3y^/pyn)  “  (2yz/p^yn)  for  these 
star— type  branched  polymers^^  of  functionality  p,  coincide  (except  at 
the  lowest  chain  lengths),  in  accord  with  the  above  suggestion.  Here 
y^.,  y^,  and  y^  are  the  "z"-,  weight-,  and  number-average  degrees  of  poly¬ 
merization,  respectively. 

Data  for  polystyrene-dibenzyl  ether  mixtures  are  plotted  in 
Fig.  48  as  log  q  vs.  log  <t>iZ.  At  each  fixed  value  of  tt>]_,  the  values  of 
long  q  are  represented  by  two  intersecting  lines  with  the  family  of  lines 
at  different  di,  displaced  vertically  from  one  another,  also  in  accord 
with  the  above  equations.  The  shift  to  lower  q  with  decreasing  <t)i  reflects 
the  decrease  in  ^  on  the  addition  of  diluent.  More  comprehensive  evidence 
on  the  effect  of  branching  and  of  diluent  on  q  will  be  presented  else¬ 
where^^ 


F.  The  Critical  Chain  Entanglement  Length,  Z^ 

The  observed  dependence  of  q  on  gZ  for  short  chains  and  on 
(gZ)^*'^  for  long  chains,  for  linear  (g=l)  and  branched  (g<l)  homologs  is 
in  accord  with  Bueche's  theoretical  Eqs.  (115)  and  (118),  and  with  his 
recent  extension  of  these  to  branched  chains^®.  A  more  critical  test 
of  Eq.  (118)  requires  an  independent  measure  of  f (4) ,  the  "interchain 
slippage"  parameter,  and  of  Zg,  the  "average  number  of  chain  atoms 
between  coupling  entanglements".  Values  of  the  latter  (designated  as  A) 
computed  by  rubber  elasticity  theory  from  the  pseudo-equilibrium  modulus 
of  compliance,  or  from  the  maximum  of  the  loss  compliance,  have  been 
tabulated  for  a  number  of  polymers^^.  Comparison  of  these  values  with 
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Figure  48  Viscosity  -  concentration  -  molecular  weight  relations  for  fractions  of  polystyrene 
in  benzyl  ether^^. 


those  calculated  by  Eq.  (119)  for  corresponding  polymers  (taking  a 
"universal"  value  of  f(\)  =  1.7  as  estimated  by  Bueche)^>^  is  afforded 
by  the  data  in  Table  XIX.  In  four  of  five  cases  where  observed  values 
of  are  available,  they  agree  well  with  those  predicted  by  Eq,  (123). 

In  these  instances  and  for  most  of  the  other  polymers  where  values  of  Zq 
had  not  been  measured  but  were  predicted  by  Eq.  (123) ,  values  of  Ze  com¬ 
puted  by  Eq.  (119)  agree  with  these  from  viscoelasticity  measurements 
within  the  uncertainty  of  the  latter  evaluation. 

More  critical  evaluation  of  Eq.  (118)  and  of  the  relation  between 
these  measures  of  interchain  interactions  in  elastic  and  in  viscous  defor¬ 
mations  awaits  more  extensive  and  more  precise  measurements  of  and  of 
for  different  polymers. 


G.  An  Approximate  (Modified  W-L-F)  Equation  Relating  ^  to  Measurable 
Structure-Dependent  Parameters 

We  seek  next  an  empirical  relationship  of  general  applicability 
for  predicting  over  a  broad  temperature  range,  for  different  polymer 
systems  from  other  measurable  structure-dependent  characteristics  of  the 
system.  We  are  guided  in  this  quest  by  experience  with  the  successful 
W-L-F  equation^^’^^;  we  shall  explore  modifications  of  it  which  extend 
its  applicability  to  a  broader  temperature  range,  and  which  enable  us 
to  compute,  from  measurable  material  constants,  required  specific  values 
of  its  parameters'^ (especially  Cg)  for  specific  materials. 

Values  of  the  frictional  coefficient,  plotted  as  log  ^  vs. 

T  —  Tg  in  Fig.  46,  define  characteristic  curves  for  different  polymers, 
which^lie  relatively  close  to  each  other,  but  are  neither  coincident 
nor  "parallel"*.  An  attempt  to  fit  the  data  to  the  W-L-F  expression  would 
require  the  assignment  of  a  set  of  different  values  for  each  polymer  for 
the  four  parameters --Tg ,  ^g,  Ci  and  C2--in  that  equation. 

A  much  simpler  result  would  obtain,  of  course,  if  the  data  had 
fallen  on  a  single  curve.  It  is,  therefore,  useful  to  ask  whether  by 
suitable  accounting  of  some  additional  factors  they  may  be  brought  into 
coincidence.  Modifications  of  the  W-L-F  equation  for  this  purpose  have 
been  suggested  previously,  based  on  the  observations  first,  that  the 
expansion  coefficient  for  the  fractional  free  volume  may  be  different  for 
different  liquids^°’^^’^^,  and  second,  that  the  temperature  coefficient 


Uncertainties  in  the  values  of  log  ^  presented  at  a  given  value  of 
T  —  Tg  in  Fig.  46  arise  from  experimental  errors  in  the  determination  of 
q  and^of  Z  (+  0.02  in  log  Q,  from  uncertainties  in  the  values  used  for 
sq/Mv  (+0.15)  and  in  its  temperature  coefficient  (+  0. 10/l00°) ,  from 
possible  individual  variations  in  X^  from  system  to  system  (+  0.1)  or 
with  temperature  (0.15/100°),  and  from  errors  in  the  assignment  of  Tg, 
especially  for  short  chain  polymers  and  for  polyethylene.  We  estimate 
the  uncertainty  in  log  ^  at  T  —  Tg  =  160°  to  be  +  0.2  with  a  maximum 
uncertainty  in  d  log  ^/dT  to  be  +  0.3/l00°.  For  most  of  the  polymer 
pairs  the  difference  in  Fig.  46  in  the  heights  and  slopes  of  the  curves, 

for  T  —  T  <  250°  at  least,  exceed  these  limits. 
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Table  XIX 


Comparison  o^  Calculated  and  Observed  and 


Repeating  Unit 

z 

c 

z 

e 

Observed 

di 

Calcd  from 

X  =4.7  X  10' 
c 

Observed 

-15  (Table  XVIII) 

Calcd^ 
from  Z 

c 

Max .  in 

J" 

Inflection  of 

Viscoelastic 

Properties 

n-octyl  methacrylate 

1300/110° 

— 

630 

1320/90° 

n-hexyl  methacrylate 

800/ll0° 

— 

550 

720/105° 

n-butyl  methacrylate 

1000/110° 

— 

570 

368/125° 

methyl  acrylate 

500/60° 

— 

350 

400/80° 

ethylene  oxide 

430/25° 

— 

250 

200/70° 

natural  rubber  (Hevea) 

450/25° 

— 

270 

272/-50° 

120 

296 

480/-30° 

styrene 

600/110° 

600/ 160° 

340 

320,  610/100° 

vinyl  acetate 

520/50° 

570/120° 

340 

480/90° 

338/50° 

isobutylene 

500/25° 

460/25° 

260 

500/50° 

240/-30° 

320/90° 

dimethyl  siloxane 

550/25° 

630/25° 

390 

320/25° 

methyl  methacrylate 

640/140° 

210/140° 

88 

74 

88/140° 

(a)  Calc*d  as  =  4.7 

X 

/Mv)  with  values 

of  (sq/Mv) 

estimated 

as  in 

Table  XVIII. 

(b)  Calc'd  by  Eqs.  (118)  to  (126)  with  f(X)  =  1.7,  and  the  observed  Z^  (column  3) 
or  its  computed  values  (column  2)  in  the  other  instances. 
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of  the  viscosity  of  liquids  at  temperatures  far  above  the  glass  temperature 
Tg  (where  the  temperature  dependence  of  the  W-L-F  term  is  small)  generally 
approaches  adherence  to  an  Arrhenius -type  equation  with  a  non-zero  activa¬ 
tion  energy 

In  accord  with  this  hypothesis,  we  were  led  to  attempt  to  fit 
the  data  to  a  modified  W-L-F  equation  of  the  form 


log  ^  =  log  + 


E 

2.3  RT 


2.3£ 


f  -s: 


£  + 


^_(T-T  ) 
f  g 


(128) 


where  E  and  are  parameters  to  be  evaluated,  B  is  a  constant  of  order 
of  magnitude  unity,  fg  may  be  thought  of  as  the  familiar  "fractional 
free  volume  at  the  glass  temperature",  and  as  the  expansion  coeffi¬ 
cient  of  this  fractional  free  volume^’^-’^^.  We  have  found  it  expedient 
to  ^  where  and  ag  are  the  experimentally 

measured  thermal  expansion  coefficients  for  the  polymer  system  above  and 
below  the  glass  temperature,  respectively.  The  insertion  of  a  term  e/rT 
was  explored  previous ly^°. 

The  results  of  attempts  to  reduce  the  data  of  Fig.  46  to  a 
single  curve  corresponding  to  Eq.  (128)  are  shown  graphically  in  Fig.  49, 
and  may  be  expressed  in  analytical  form  as  follows 


log  ^  1.2  +  2,3rt 

In  Fig.  49a  a  plot  of  log  ^  vs.  4o:£(T-T  )  (open  symbols)  brings  the  data 
more  nearly  in  coincidence  than  the  plot  of  log  ^  vs.  (T-Tg)  in  Fig,  46. 
The  further  reduction  in  Fig,  49a  by  the  subtraction  of  e/rT  from  the 
ordinate,  using  the  values  of  E  in  Table  XX  brings  the  data  (filled 
symbols)  for  several  polymers  into  approximate  coincidence  with  the  solid 
straight  line  of  that  figure,  corresponding  to  Eq.  (129),  Here,  values 
of  E  to  achieve  the  optimum  coincidence  for  all  four  polymers  were 
arrived  at  by  trial  and  error. 

Thus  the  seemingly  justifiable  modification  of  the  W-L-F 
relationship  attempted  here  is  partially  successful.  We  are  able,  with 
the  introduction  of  one  arbitrary  parameter  E,  to  reduce  the  ^-T  data 
for  several  polymers  to  a  single  curve.  However,  we  found  no  way  to 
reduce  the  data  for  polydimethyl  siloxane  (Fig.  49)  or  (not  shown)  poly¬ 
phenylene  siloxane,  polyethylene,  or  various  polymer-diluent  mixtures, 
to  coincidence  with  the  line  representative  for  most  of  the  polymers  in 
Fig.  49b,  In  all  these  unsuccessful  instances,  viscosity  data  were 
available  only  at  temperatures  relatively  far  above  Tg,  It  is  thus 
undetermined  whether  such  failure  places  an  upper  limit  on  4o:f(T-Tg)  for 
the  universal  application  of  Eq.  (129) ,  or  whether  a  different  form  of 
the  relation  is  required  for  different  "families"  of  liquids  each  with 
its  characteristic  structure. 


-  11,4 


Z^^(T-T  ) 
f  _S_ 


024  +  A3;.(T-T 
f  g 


t) 


(129) 
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-[Log  C  -  E/2.3RT]  -Log  C 


Figure  49  (a):  -log  ^  versus  Zl):f(T-Tg)  for  polyisobutylene  0,  polyvinyl 

acetate  □,  polystyrene  A,  and  polydimethyl  siloxaneo.  Values 
of  log  i  from  relaxation  spectra^2,33  corresponding  polymers 

are  plotted  as  filled  circles,  and  for  other  polymers  as  polvethyl 
methacrylate  ®,  polyurethane  ®,  polymethyl  methacrylate  ©  poly¬ 
vinyl  chloride  Ci  Hevea  rubber  (g),  and  polymethyl  acrylate  © 

4D!£(T-T^) 

(b):  -[log  ^  -  E/2. 3RT]  versus  o.o25  +  ’ 

line  corresponds  to  Eq.  (129).  f  g 
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(c)  The  first  two  values  of  E  for  polymethyl  methacrylate  were  computed  from  the  published  t]-Z  data 
taking  Tg  =  378°K  and  10^^X(>  alternatively  as  1.5  (Table  XVIII)  or  4.7.  The  third  value  was  coi 
puted  from  viscosity  data"^^  at  217°  on  a  polymethyl  methacrylate  of  lower  syndiotactic  content, 
with  X^  =  4.7  X  lO’is^  Xa  =  350°K,  and  the  values  of  (s^/m)  for  the  conventional  polymer. 


Tentatively  then,  we  advance  Eq.  (129)  for  further  trial  as  an 
empirical  representation  of  observed  ^-T  data  for  polymer  systems  generally, 
over  a  wide  temperature  range  above  Tg,  requiring  the  assignment  of  three 
parameters “ “T  ,  ,  and  E““to  each  system*  Two  of  these,  Tg  and  — 

0!^  —  CC  are  Issessable  by  independent  measurements.  For  the  present,  E 
remains  a  parameter  which  must  be  determined  from  the  ^-T  data  themselves. 

If  it  is  taken  as  ca.  4.4  kcal,  the  absolute  magnitude  of  ^  for  all  curves 
in  Fig.  47  would  be  given  within  a  factor  of  4.  A  closer  estimate,  or 
even  an  independent  measurement,  may  be  possible,  perhaps,  since  differences 
in  values  of  E  obtained  (Table  XX)  may.  ^  related  to  differences,  in 
internal  barriers  rotation  about  the  chain  valence  bonds.  Thus,  high 
values  of  E  for  ^  are  observed  for  chains  containing  two  bulky  side  groups 
on  alternate  carbon  chain  atoms  (polymethacrylate  and  polyisobutylene) , 
intermediate  values  of  ^  are  found  for  chains  containing  only  one  bulky 
side  group  on  alternate  chain  atoms  (polystyrene  and  polyvinyl  acetate), 
and  the  lowest  values  of  ^  obtain  for  the  unsubstituted  polyethylene  and 
for  the  polys iloxane  with  the  relatively  long  Si-Q-Si  bond. 

Comparison  of  Eqs.  (128)  and  (129)  illustrates  the  useful  result 
that  the  values  of  log  taken,  respectively,  as  -1.2 

and  0.24  (a  familiar  result)^2,33^  different  polymeric  systems. 

The  corresponding  value  obtained  for  B,  0.69,  is  somewhat  lower  than  the 
^  .  3p  33 

expected  value  of  unity 


expression 
From  them 
parameters 


:qs.  (116),  (120),  (128),  and  (129)  represent  the  complete 
of  the  q-T-Z  relations  for  linear  flexible  chain  molecules. 


Zp  and  q  can  be  computed  if  values  of  the  characteristic 
“^/m,  E,  ZXXf,  and  Tg 


are  known  or  can  be  estimated. 


H.  Discussion 

We  regard  the  demonstration  of  the  validity  of  the  theoretical 
Eq.  (115)  and  of  the  empirical  Eq.  (116),  expressing  the  dependence  of 
the  zero  shear  viscosity  for  short  and  long  chain  polymers  on  pertinent 
molecular  characteristics,  as  the  most  significant  aspect  of  the  pre¬ 
ceding  paragraphs.  It  is  now  possible  with  these  equations  to  compute 
the  viscosity  from  the  independently  measured  chain  dimensions  and  fric¬ 
tion  coefficient;  but  at  present,  it  is  more  likely  that  measurements 
of  the  viscosity  and  of  chain  dimensions  will  be  used  to  compute 

A  significant  feature  of  Eq.  (116)  for  the  viscosity  of  long 
chains  is  the  dependence  of  q  on  (sg)^''^.  A  similar  result  was  suggested 
by  Tobolsky^^,  who  observed  proportionality  between  the  maximum  relaxation 
time  %  and  (s^)^'^  for  long  chain  polymers,  with  the  same  value  of  the 
proportionality  constant  applicable  to  the  four  different  polymers  for 
which  data  are  available,  where  %  for  different  polymers  are  measured 
in  corresponding  states,  i.e.,  at  corresponding  values  of  T  -  Tg. 

In  both  the  theoretical  relation  Eq.  (115)  and  the  empirical 
form  Eq.  (117),  the  parameter  X  plays  a  central  role.  Thus,  with  increas¬ 
ing  X,  q  is  proportional  to  X  until  X  =  4. 7  x  10"^^  and  then  q  varies  as 
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As  mentioned,  the  parameter  X  =  (sJ/m)(z/v)  arises  in  the  deriva¬ 
tion  of  Eq.  (115)  as  the  moment  of  inertia  of  the  average  polymer  coil 
multiplied  by  the  number  of  such  coils  per  unit  volume.  Presumably,  X 
represents  a  measure  of  the  hydrodynamic  interaction  or  entanglement 
between  different  coils;  and  both  the  viscosity  and  the  applicable  inter¬ 
action  law  are  dependent  on  its  magnitude. 

More  precise  data  on  q,  Z,  s^/m,  and  v,  at  the  same  temperature 
of  course,  to  determine  whether  Xq  is  actually  the  same 
constant  for  all  polymer  systems.  The  only  serious  existing  discrepancy 
is  that  for  conventional  polymethyl  methacrylate.  Further  studies  on 
both  the  conventional  and  the  ideal  atactic  polymer  are  in  progress;  more 
p]^0oiss  determinations  of  the  parameters  for  other  linear  and  model  branched 
polymers  are  planned  as  well. 

The  observed  dependence  of  q  on  7?'^  and  on  (Zg)^-"^  for  long 
chain  linear  and  branched  homologs,  respectively,  and  the  agreement  between 
values  of  Z  computed  by  Eq.  (119)  and  those  from  elasticity  data  lend 
support  to  lueche's  approximate  theoretical  treatment  for  the  viscosity 
of  long  chains.  More  extensive  and  careful  theoretical  and  experimental 
examination  of  his  concepts  of  "interchain  coupling  entanglements"  and 
their  role  in  determining  the  viscosity  and  time-dependent  elasticity  of 
macromolecular  substances  appear,  more  than  ever,  to  be  of  critical  impor¬ 
tance  in  further  developments  of  molecular  interpretation  of  the  visco¬ 
elastic  behavior  of  such  materials. 

The  theories  of  Eyring,  Rhee,  and  Hirai*^®  yield  for  short  chains, 
a  result  different  from  the  linear  q-Z  relation  established  here,  and  give 
no  means  for  predicting  the  dependence  of  q  for  long  chains  on  their  chain 
dimensions. 

The  present  attempt  to  modify  the  W-L-F  equation  with  the  purpose 
of  establishing  a  "universal"  equation  for  predicting  ^  for  various  polymers 
over  a  wide  temperature  range  from  a  few  measurable  parameters,  while  not 
completely  successful,  may  be  useful.  It  suggests  that  the  dependence  of 
the  frictional  coefficient  on  intermolecular  and  on  intramolecular  factors 
may  be  separable,  at  least  partially.  For  example,  Eq.  (129)  may  represent 
in  primitive  form,  an  expression  of  the  influence  of  both  intramolecular 
and  intermolecular  barriers  to  motion  (through  E/RT)  and  of  the  requirement 
that  thermal  fluctuations  (against  intramolecular  and  intermolecular 
potentials)  produce  locally  the  "free  volume"  needed  for  motions  of  chain 
segments  from  one  equilibrium  position  to  another.  Precise  determination 
of  the  temperature  dependence  of  q,  or  of  other  viscoelastic  deformations, 
over  wider  temperature  ranges  and  for  different  types  of  polymers  should 
yield  further  insight  into  the  questions  raised  here. 

More  detailed  and  precise  study  of  the  q-Z-T  relationships  for 
the  initial  members  of  a  homologous  series  would  be  also  of  interest. 

Here  we  would  expect  Sq/m  to  vary  with  Z,  and  both  the  values  of  ^  and 
of  T  may  depart  from  those  computed  by  Eqs.  (120)  and  (129). 
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PART  III  -  ANIONIC  POLYMERIZATION 


I.  On  the  Two-State  Mechanism  for  Homogeneous  Ionic  Polymerization*  - 

Bernard  D.  Coleman  and  T.  G  Fox 


A.  Introduction 

To  explain  the  occasional  occurrence  of  "stereoblock"  structures 
in  homogeneous^  anionic  polymerization  of  a-olefins  we  recently  proposed 
that  in  these  polymerizations  the  reactive  end  of  a  growing  polymer  can 
have  several,  say  N,  states  {!),  {2},  {N}  which  are  in  dynamic 

equilibrium  and  that  each  such  state  is  capable  of  adding  monomer  with 
its  own  rate  and  stereospecificity.  In  the  absence  of  quantitative  experi¬ 
mental  evidence  to  the  contrary,  it  appears  that  for  the  present  it  is 
expedient  to  take  advantage  of  the  reduction  in  the  number  of  free  para¬ 
meters  which  results  when  N  =  2,  and  to  consider  in  detail  the  consequences 
of  a  two-state  mechanism.  Indeed,  most  of  the  interesting  qualitative 
features  of  the  multistate  mechanism  are  already. present  in  the  two-state 
case.  Here  we  summarize  those  theoretical  results  on  the  two-state  model 
which  appear  to  us  to  be  accessible  to  experimentation.  The  emphasis 
here  is  on  the  diastereosequence  and  molecular  weight  distributions.  Of 
course,  to  illustrate  the  effect  on  these  distributions  of  the  presence 
of  two  polymerizing  species  in  dynamic  equilibrium,  it  is  not  necessary 
to  specify  the  detailed  chemical  structures  of  the  species. 


B.  Chemical  Hypotheses 

We  use  here  the  notation  of  Fox  and  Coleman^’^.  Consider  a 
poly-a-olefin  molecule  and  number  the  asymmetric  carbon  atoms  of  its 
principal  chain  in  the  order  in  which  they  were  added  during  polymerization. 
If  the  mth  and  (m  +  l)th  asymmetric  chain  atoms  have  the  same  stereo¬ 
configuration,  then  we  say  that  the  mth  placement  is  isotactic;  if  these 
two  asymmetric  atoms  have  opposite  stereoconfigurations,  then  we  say  that 
the  mth  placement  is  syndiotactic .  Note  that  one  placement  involves  two 
monomer  units.  A  diastereosequence  of  length  k  is  an  ordered  set  of  k 
adjacent  placements,  say,  the  mth,  (m  +  l)th,  ...,  (m  +  n  —  1) th  place¬ 
ments  which  express,  respectively,  the  stereorelationship  between  the 
mth  and  (m  +  1) th,  the  (m  +  1) th  and  (m  +  2) th,  . . . ,  the  (m  +  n  -  1) th 
and  the  (m  +  n)th  asymmetric  chain  atoms. 

The  polymerizations  which  we  consider  here  are  Idealized  in 
that  we  assume  instantaneous  initiation,  no  irreversible  termination, 
and  no  chain  transfer  or  depolymerization.  We  assume  that  the  diastereo- 
sequences  generated  in  the  states  {1}  and  {2}  are  free  from  penultimate 


-X- 

The  following  is  the  text  of  a  paper  presented  at  the  I.U.P.A.C.  Inter¬ 
national  Symposium  on  Macromolecular  Chemistry,  Paris,  July  1-6,  1963. 
In  addition  to  support  under  Contract  No.  AF  33(616) -6968 ,  the  work  was 
aided  in  part  by  Contract  No.  AF  49(638) -541  with  the  Air  Force  Office 
of  Scientific  Research. 
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effects,  i.e.  are  Bernoullian  in  the  sense  in  which  the  term  is  used  in 
references  2  and  3.  Of  course,  when  reactions  {1}  ^  {2}  are  not  instan¬ 
taneously  fast  when  compared  with  the  addition  reactions,  the  diastereo- 
sequence  distribution  of  the  resulting  polymer  will  be  non-Bernoullian; 
in  fact,  it  will  be  non-Markoffian^’^. 

We  indicate  the  condition  of  a  polymer  molecule  by  the  symbol 
e5.  The  superscript  n  represents  the  degree  of  polymerization,  and  x  =  1 
if’ the  reactive  end  is  in  state  {1}  while  x  =  2  for  the  state  {2}.  Denoting 
the  monomer  by  M  we  can  write  the  six  basic  chemical  reactions  of  the  two- 
State  mechanism  as  follows: 


a. 


b. 


E”^Ej 


c. 


e"  +  M  Ef  ^ 


d. 


j"  +  M  e”^^ 


f. 


e”  +  M  Ef  ‘ 

e”  +  M 


Here  is  a  rate  coefficient  for  that  reaction  which  takes  a  growing 
chain  from  state  {1}  to  state  {2}.  In  other  words,  the  probability  that 
a  polymer  molecule,  known  to  be  in  the  state  {1}  at  the  time  t,  goes  to 
the  state  {2},  i.e.,  makes  a  transition  of  type  a,  in  a  time  interval  dt 
at  t  is  given  by  X^dt  +  o(dt)  where 


lim  o(dt)/(dt)  =  0 
dt  0 


Similarly,  +  o(dt)  represents  the  probability  that  ->  occurs 

in  dt  at  t,  given  Eg  at  time  t.  The  parameters  k3_^j[  and  kg,!  represent 
ordinary  rate  constants  for  the  addition  of  monomer  to  polymer  chains  in 
states  {1}  and  (2],  respectively,  to  form  isotactic  placements;  ki,s  and 
kp  s  represent  the  corresponding  rate  constants  for  the  addition  to  form 
syndiotactic  placements.  For  example,  the  probability  that  a  given  polymer 
molecule,  known  to  be  in  the  state  at  time  t,  makes  the  transition 
E^^  in  dt  at  t  and  that  this  transition  results  in  an  isotactic 
placement  is  [M]ki,l  dt  +  o(dt),  where  [M]  denotes  the  monomer  concen¬ 
tration  in  molecules  per  unit  volume. 
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The  numbers  ^2,3  depend  on  the 

temperature  and  solvent  used;  we  assume  here  that  they  are  independent  of 
the  degree  of  polymerization  n.  We  also  assume  that  the  reactions  [1} 

{2}  are  in  equilibrium  when  the  monomer  is  added  at  t  =  0  and  that  [M] 
does  not  change  appreciably  as  the  polymerization  proceeds  for  t  >  0.  It 
then  fellows'^  that  the  probability  \1/  that  a  polymer  molecule  selected  at 
random  is  in  the  state  [1]  at  a  given  moment  t  is  given  by 


t  = 


X  +  A-r 
a  b 


(130) 


and  is  independent  of  t. 

The  numbers  and  defined  by 


k^  =  k  .  +  k 
1  1,1  l,s 


2  2,1  2,s 


(131) 

(132) 


are  the  rate  constants  for  addition  of  monomer  to  polymer  molecules  in 
the  states  {1}  and  {2},  respectively,  without  regard  to  tacticity. 


C.  Diastereosequences 


Let  “  lj2)  be  the  probability  that  a  monomer  unit,  known 

to  have  been  added  to  its  chain  before  time  t  but  otherwise  selected  at 
random,  was  added  while  its  chain  was  in  the  state  {x}.  It  is  easy  to 
show  that  ^x  is  independent  of  t  and  is  given  by*^ 


k  X 
1  a 


1  k  X  -k  k  X, 
la  2  b 


'^2  +  k„\ 

la  2  b 


The  quantity  defined  by 


a  =  k  Jk 

X  X3I  X 


(133) 


X  =  1,2  (134) 


gives  the  probability  that  a  placement,  known  to  have  been  formed  in  the 
state  {x} ,  is  isotactic.  (In  other  words,  OLy^  is  the  probability  that  a 
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monomer  unit  is  in  isotactic  placement  to  its  predecessor,  given  that  the 
unit  was  added  while  the  polymer  molecule  was  in  the  state  (x}.) 

We  denote  by  p{I)  the  probability  that  a  placement  is  isotactic, 
given  no  information  about  the  tacticity  of  other  placements  or  its  posi¬ 
tion  along  its  chain.  Clearly 


P(l}  = 


Eqs.  (133) “(135)  yield 


P{I} 


\  k  X  , 

a  1,1  b  2,1 

X  k  +  A. 
a  1  b  2 


(135) 


(136) 


Letting  p{S)  be  the  probability  that  a  placement,  selected  at  random,  is 
syndic tactic,  we  have 


p{I}  +  p{S)  =  1 


(137) 


Let  p[II}  and  p[SS}  be  the  probabilities  that  a  randomly  selected 
pair  of  adjacent  placements  consists,  respectively,  of  two  isotactic  place¬ 
ments  and  two  syndiotactic  placements.  Let  p{IS^SI}  be  the  probability 
that  a  pair  of  adjacent  placements  is  a  "heterotactic  pair,"  i.e.,  either 
an  isotactic  placement  followed  by  a  syndiotactic  placement  or  a  syndio¬ 
tactic  placement  followed  by  an  isotactic  placement.  Note  that  the  dia- 
s tereosequences  here  characterized  by  II,  SS,  and  ISySI  are  diastereo- 
sequences  of  length  two.  They  each  involve  two  placements  or  three  monomer 
units.  It  follows  from  our  definitions  that 


p{II)  +  p{SS}  +  p{IS^SI}  =  1 


(138) 


We  assume  now  the  mean  molecular  weight  is  high  enough  so  that  every 
placement  has  both  a  successor  and  predecessor.  Then  the  following  for¬ 
mulae  must  hold,  regardless  of  the  mechanism  of  polymerization^. 


p{I}  =  p{II}  +  J  p{IS^SI} 

(139a) 

p{I}  =  1/2  [1  +  p{II)  -  pCSS}] 

(139b) 

p{I}  =  1  -  1  p{IS^SI}  -  p{SS} 

(139c) 
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The  equations  obtained  from  these  through  interchange  of  the  symbols  I 
and  S  must  also  hold. 


For  our  present  mechanism  it  can  be  shown  that^^ 


p{li}  -  +  a2<t>2  +  [M]} 


(140a) 


2  2  2  ~ 

p(ss}  =  (1  -  +  (1  -  a^)  4)  -  k^{?,^/k^02)  + 


(140b) 


2  P{SI^IS}  = 


a  (1 

1 


ai)4>i  +  2^^ 


a2)'l>2  + 


X-b "’1(0=1  “  0=2) 

+  [M]} 


(140c) 


The  probabilities  considered  in  Eqs.  (136) -(140)  are,  for  prac¬ 
tical  purposes  equivalent  to  concentrations  in  a  large  sample.  For  certain 
polymers,  such  as  poly(methyl  methacrylate),  the  quantities  p{I},  p{S}, 
p{II},  p{SS},  p{IS^SI}  can  all  be  determined  by  high  resolution  NMR 
spectroscopy^.  Of  these  five  quantities  only  three  can  be  regarded  as 
independently  measured,  for  the  relations  (137)  and  (183)  are  always  used 
I  by  the  experimenter  to  normalize  his  data.  An  example  of  independently 
measured  data  would  be  any  set  containing  one  placement  probability 
(i.e.,  p{I}  or  p(S}  and  two  pair  probabilities  (i.e.,  any  two  of  the  three 
numbers  p{II},  p[SS),  p{IS^SI}) .  Each  set  of  independently  measured  pro¬ 
babilities  should  obey  one  of  the  consistency  relations,  Eqs.  (139),  which 
must  hold  in  general,  and  which  serve,  not  to  check  a  particular  mechanism, 
but  rather  to  convince  the  experimenter  that  he  has  properly  identified 
his  spectroscopic  peaks.  It  is  Eqs.  (136)  and  (140)  which  serve  to  check 
the  applicability  of  the  present  mechanism,  and  we  shall  discuss  their  use 
below. 


General  results  are  known'^  which  give  for  our  mechanism  the  pro¬ 
bability  of  occurrence  of  diastereosequences  of  length  greater  than  two. 

We  do  not  discuss  these  results  here,  for  the  concentrations  of  diastereo¬ 
sequences  of  length  three  or  greater  (i.e.,  involving  four  or  more  asym¬ 
metric  chain  atoms)  are  not  yet  accessible  to  measurement.  The  mean  length 
of  certain  types  of  diastereosequences  are  measurable,  however. 

We  define  a  closed  sequence  of  isotactic  placements  to  be  a 
sequence  of  m  +  2  consecutive  placements,  m  >  1,  all  of  which  are  iso¬ 
tactic,  except  for  the  two  at  the  ends,  which  are  both  syndiotactic .  Let 
p,{I}  be  the  mean  (number-average)  length  of  the  closed  sequences  of  isotactic 
placements.  When  the  mean  molecular  weight  is  high,  the  following  formula 
should  hold  for  all  mechanisms  of  polymerization: 
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.rn  =  _ 2111 - 

p{S}  -  p{SS] 


P(ISvSI) 


(141) 


We  say  that  a  diastereosequence  distribution  is  Bernoullian  if  formulae 
of  the  following  type  hold:  p{II}  =  p{I}p{I},  p{ISySI}  =  2p{I}p{S},  etc. 

(A  more  formal  definition  is  given  in  Section  1  of  reference  3.)  For  a 
Bernoullian  distribution  Eq.  (141)  reduces  to  p,{  I]  =  l/p{S}.  For  a  general 
(i.e.,  non-Bernoullian)diastereosequence  distribution,  the  quantity 


P  =  P{I]P{S} 


(142) 


is  called  the  persistence  ratio,  for  it  gives  the  ratio  of  the  actual  mean 
length  of  closed  sequences  of  isotactic  placements  to  the  mean  length  which 
one  would  calculate  assuming  that  the  distribution  be  Bernoullian  with  the 
same  values  of  p{I}  and  p{S}.  It  follows  from  Eqs.  (141)  and  (142)  that 

p  =  2p{I}p(S}/p{IS^SI}  (143) 


We  note  that  p  can  be  calculated  from  NMR  data  and  gives  a  convenient 
measure  of  "statistical  after-effects." 


P  == 


For  our  present  mechanism  Eqs.  (136)  and  (140)  yield 

{ (1  -  01^)4)^  +  (1  -  a2)<t>2}  (a^'t)^  + 


a^(l 


“P^l  ”  “2^  ^2  {^.^/k^cDg)  +  [M]]k^ 


(144) 


D.  Molecular  Weights 

Let  rr(t)  and  n^(t)  be,  respectively,  the  number-average  and 
weight-average  degrees  of  polymerization,  and  let  r(t)  be  their  ratio: 


r(t)  =  n  (t)/n(t) 
w 


(145) 


Assuming  that  (instantaneous)  initiation  occurs  at  t  =  0,  we  take  as 
initial  conditions 


n(0)  =  n  (0)  =  r(0)  =  1 
w 


(146) 


A  lengthy  calculation  then  yields  the  following  results  for  our  mechanism®: 
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n(t)  =  1  +  [M]kt 


(147) 


-  (t)  =  1  +  fl  +  [M]b/(ka)]([Mjkt),  ,:i_[MjVl  -  ^ 

1  +  [M]kt 


(148) 


r(t)  =  1  + 


1  +  [Mlb/(ka)  _  1  +  [Mlb/(ka)  + 


[M]^a  ^b(l  —  e  ^^) 


H(t) 


n(t)^ 


(149) 


where 


k  =  A|/k^  +  (1  —  \1/)  k^ 


b  =  2(k^  -  k^^td  -  1];) 


(150a) 

(150b) 

(150c) 


The  results  in  Eqs.  (147) -(149)  are  mathematically  exact  and 
follow  from  our  chemical  hypotheses  without  approximation.  It  should 
be  emphasized,  however,  that  these  results  on  the  molecular  weight  distri¬ 
bution  are  far  more  sensitive  than  our  results  on  diastereosequence  dis¬ 
tribution  to  our  idealized  assumptions  of  instantaneous  initiation,  no 
irreversible  termination,  and  no  chain  transfer  or  depolymerization.  For 
example,  a  violation  of  any  one  of  these  assumptions  renders  invalid  the 
following  conclusion  which  follows  immediately  from  Eqs.  (149)  and  (147): 

If  aic  >  0,  then  lim  r(t)  =  1  (151) 

t  CO 

In  reference  6  we  give  a  detailed  discussion  of  the  limiting 
circumstances  for  which  our  present  molecular  weight  distribution  becomes 
identical  to  the  Poisson  distribution  obtained  by  Flory^  for  the  more 
familiar  one-state  polymerization. 

It  should  not  be  concluded  from  Eq.  (15d  that  r  is  close  to  1 
for  all  degrees  of  polymerization.  When  [M]|j  »  ka,  our  present  distribu¬ 
tion  differs  markedly  from  the  Poisson  distribution  in  that  Eq.  (149)  yields 
r  »  1  even  for  large  n.  When  \a  +  A-b  =  >  ^9-  (151)  is  replaced  by  the 
assertion: 


If  a  =  0  and  k  ^  0,  then  lim  r(t) 

t  -4  00 


1  + 


2(k)- 


(152) 
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This  last  result  can  also  be  derived  by  considering  a  mixture  of  non¬ 
interacting  one-state  polymerizations,  each  yielding  a  Poisson  distribution. 


E.  Comparison  with  Experiment 

We  have  discussed  earlier"^’®  experimental  methods  for  testing 
the  applicability  of  the  two-state  mechanism  when  certain  special  restric¬ 
tive  assumptions  apply.  If  all  of  the  six  rate  coefficients  in  the  reac¬ 
tions  a  -  f  are  independent  of  the  monomer  concentration,  a  quantitative 
test  is  provided  by  MR  spectroscopy  on  a  series  of  polymers  prepared  at 
different  monomer  concentrations  but  under  otherwise  identical  conditions. 
According  to  Eqs.  (136)  and  (140),  under  the  present  assumptions  p[I]  should 
be  a  constant  independent  of  [M],  while  p{II}  should  increase  with  increas¬ 
ing  [M]  as 


p{II}  =  6  - 


€ 

7  +  [M] 


(153) 


where  expressions  for  6,  e,  and  7  may  be  obtained  by  comparison  with 
Eq. .(140a).  Evidence  that  p{I}  is  independent  of  [M]  while  p{II)  varies 
with  [M]  in  the  manner  required  by  Eq.  (153)  would  indicate  strongly  the 
applicability  of  the  two-state  mechanism  and  would  provide  a  method  for 
determining  6,  e,  and  7  from  NMR  data. 

If  it  should  also  happen,  under  limited  conditions  at  least, 
for  anionic  polymerizations  carried  out  in  a  mixture  of  a  Lewis  base  and 
a  hydrocarbon,  that  the  rate  constants  for  addition  of  monomer  (k^  j_, 
ki  g,  kg  i,  and  kg  g)  are  independent  of  the  concentration  [L]  of  the 
Lewis  base,  but  that  and  7.^  depend  on  [L],  it  is  poss^ible,  from 
MR  data  and  measurements  of  the  overall  rate  coefficient  k  of  Eq.  (147) 
to  determine  all  of  the  six  rate  coefficients  in  the  reactions  a-f.  It 
can  be  shown that 


6  =  p{I}  (a^  +  a^)  - 

(154) 

0^  =  (p{l}  -  a^)/(a^  -  ap 

(155) 

V’'l  *  '■*2 

(156) 

and 


(157) 


Here  the  values  of  6,  pfl],  and  y,  which  will  vary  within  a  series  of  poly¬ 
mers  prepared  at  different  [L],  can  be  determined  by  application  of  Eq. 
(153)  to  NMR  data  on  polymers  prepared  at  different  values  of  [M]  for  each 
value  of  [L].  By  plotting  6  versus  p{I}  (varying  [L])  one  should,  accord¬ 
ing  to  Eq.  (154) ,  get  a  straight  line  whose  slope  and  intercept  yield  the 
constants  and  Eq.  (155)  then  yields  Pi  (and,  of  course,  $2=1“ 

Pi),  as  a  function  of  p{I},  which  is,  in  turn,  now  a  known  function  of 
[L].  According  to  Eq.  (156)  the  product  of  y  and  Pi  (or  $2),  then  yields 
A.a/k2  (or'  ^  function  of  [L].  From  Eq.  (157)  we  see  that  a  plot 

of  Pa/'f’i  versus  (kPi)“^  should  be  linear  and  should  yield  ki  and  kg;  and 
on  combining  these  two  numbers  with  the  now  known  values  of  Oi,  Qg, 

7-b/^2j  o’^®  computes  the  constants  ki^^,  ki^g,  kg^i,  and  kg  g,  and  also 

and  A.b  as  functions  of  [L].  We  consider  it  to  be  particularly  interest¬ 
ing  that,  at  least  in  principle,  the  absolute  rates  kg,  7.^  *^1^®  reactions 

El  Eg  are  determinable  from  NMR  and  rate  of  polymerization  data  alone. 

We  cannot  expect  all  six  rate  coefficients  to  be  always  indepen¬ 
dent  of  monomer  concentration,  since  the  monomer  may  form  a  complex  with 
the  reactive  polymer  chain,  thereby  affecting  Xg,  Xb  ®nd  possibly  other 
rate  coefficients  as  well.  In  fact,  1:1  complexes  of  methyl  methacrylate 
with  metal  salts  have  been  isolated  and  identified®.  The  observed®  com¬ 
plicated  dependence  on  [M]  of  the  rate  of  polymerization  of  methyl  meth¬ 
acrylate  with  fluorenyl-Li  in  toluene-tetrahydrofuran  mixtures  and  the 
finding^®  that  polymerizations  in  toluene  at  30°C  initiated  by  metallic 
sodium  yield  highly  crystalline  polystyrene  or  poly(methyl  methacrylate) 
only  in  the  range  of  dilute  monomer  concentration  are  evidence  for  the 
strong  influence  of  the  monomer  concentration  on  the  character  of  the 
anionic  polymerization.  The  present  mechanism  can  be  made  compatible 
with  these  observations  by  the  postulate  that  the  monomer  at  high  [M] 
complexes  with,  and  alters  the  concentration  of,  that  reactive  state  that 
produces  highly  isotactic  polymer.  Thus,  only  in  very  special  circum¬ 
stances  should  we  expect  the  assumption  of  nondependence  of  rate  coef¬ 
ficients  on  [M]  to  be  approximately  valid.  The  search  for  such  circum¬ 
stances  is  an  important  goal,  however,  since  they  would  render  possible  a 
quantitative  demonstration  of  the  mechanism's  applicability. 

In  Tables  XXI-XXV  we  have  compiled  the  NMR  data  known  to  us  on 
poly (methyl  methacrylate)  and  poly-a-methylstyrene  prepared  by  ionic 
polymerizations.  These  data  illustrate  the  effect  of  varying  the  monomer, 
the  initiator,  the  solvent  medium,  and  the  polymerization  temperature. 
Although  the  results  do  not  provide  a  definitive  test  of  the  applicability 
of  the  mechanism,  we  can  speculate  on  their  significance  using  the  frame¬ 
work  of  the  two-state  mechanism. 

The  data  of  Wiles  and  Bywater^®  on  the  products  of  the  poly¬ 
merization  of  methyl  methacrylate  in  toluene,  at  -30°C  with  butyllithium 
(Table  XXIV),  show  a  decrease  in  both  p  and  (I]  with  an  increase  in  the 
initial  [M],  and  an  increase  in  p  and  p{I}  as  the  monomer  is  consumed  in 
the  polymerization.  Here,  as  the  evidence  cited  above  suggested,  the 
monomer  unfortunately  participates  in  the  reactions  that  control  the 
nature  and  concentration  of  the  reactive  states,  and  we  cannot  assume 
that  all  of  the  rate  constants  are  independent  of  [M]. 
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Octyl  K  0  1.2  0.56  2.7  2.1  0.35  0.42  0.23 
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Pyridine^^  Octyl  K  0  0.92  0.60  1.5  2.3  0.14  0.53  0.33 

Pyridine^^  Octyl  K  -60  0.90  0.66  1.4  2.7  0.09  0.49  0.42 
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lithium) 


Table  XXIV 


NMR  Data  on  Poly (methyl  Methacrylate)  Polymerized  In  Toluene  at 
-30°C  with  Butyllithiiim  at  Two  Different  Monomer  Concentrations 


[M], 

mole/l. 

Conver¬ 

sion, 

% 

P 

P{I} 

4{I} 

H{S} 

P{II) 

p{IS^SI] 

p[SS} 

0. 125 

52 

1.84 

0.82 

10 

2.2 

0.74 

0.16 

0.10 

0.125 

94 

2.26 

0.87 

17 

2.6 

0.82 

0.10 

0.08 

0.125 

100 

2.25 

0.90 

23 

2.8 

0.86 

0. 08 

0.06 

0.500 

32 

1.4 

0.67 

4.2 

2.1 

0.52 

0.29 

0.19 

0.500 

34 

1.4 

0.68 

4.3 

2.1 

0.52 

0.31 

0.17 

0.500 

73 

1.7 

0.81 

8.5 

2.1 

0.  72 

0. 18 

0.10 

0.500 

73^ 

2.0 

0.86 

14 

2.3 

0.80 

0. 12 

0.08 

Polymerized  completely,  then  the  same  amount  of  monomer  was  added  and 
polymerized  completely. 

^Approximately  a  quarter  of  the  same  polymerized  to  737o  conversion,  removed 
by  extraction  with  4-heptanone. 
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NMR  Data  on  Poly-a-methylstyrene 
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In  the  anionic  polymerization  of  methyl  methacrylate  in  hydro¬ 
carbons  (Table  XXI) ,  predominantly  isotactic  polymers  are  formed  with 
values  of  p  and  p(I}  decreasing  in  the  order  Li'''  >  Na’''  >  id',  i.e.  ,  decreas¬ 
ing  on  going  from  strongly  to  weakly  complexing  cations®’ Predominantly 
syndiotactic  polymers  are  formed  in  polymerizations  in  Lewis  bases  (Table 
XXII),  with  p.  and  now  not  p{I},  but  rather  p{S},  decreasing  in  the  order 
Li'*'  >  Na'''  >  the  parameters  here  are  also  sensitive  to  the  tem¬ 

perature  and  to  the  nature  of  the  Lewis  base.  In  mixed  solvents  (Table 
XXIII),  p{I}  decreases  with  increasing  [L]  in  toluene®’^^’ although 
p  may  increase  with  increasing  [L]  at  low  [L],  it  invariably  decreases  at 
higher  [L]. 

It  appears  that  in  the  polymerization  of  methyl  methacrylate 
the  use  of  a  strongly  complexing  cation  tends  to  yield  values  of  p  appre¬ 
ciably  greater  than  one.  The  scanty  available  data  on  molecular  weights 
indicates  that  conditions  which  produce  large  p  also  product  larger  r. 

Under  the  two-state  mechanism,  assuming  of  course  that  a-i  ^  Qg,  ki  ’f  kg, 
we  interpret  this  as  meaning  that  the  reactions  {1}  ^  {2}  are  slow 
relative  to  the  addition  reactions,  (c-f).  Glusker  and  Galluccio^”  found 
that  they  could  separate  the  product  of  polymerization  of  methylmethacrylate 
by  fluorenyl-Li  in  a  toluene -tetrahydrofuran  mixture  into  high  molecular 
weight  fractions  which  were  highly  isotactic  and  lower  molecular  weight 
fractions  which  were  less  isotactic;  Wiles  and  Bywater have  extracted 
with  4-heptanone  (Table  XXIV)  a  poly(methyl  methacrylate)  fraction  more 
isotactic  than  the  whole  polymer  prepared  in  toluene  with  butyllithium. 
Further,  binodal  molecular  weight  distributions  in  the  products  of  poly¬ 
merizations  of  methyl  methacrylate  in  such  systems  were  observed  by  a 
numer  of  workers®’®’ These  observations  suggest  that  the  reac¬ 
tions  {1}  — »■  (2)  can  be  very  much  slower  than  the  addition  reactions. 

The  fact  that  the  reported  values  of  r  for  these  polymers  are  large  and 
do  not  seem  to  approach  1  at  large  n,  even  though  initiation  has  been 
shown  to  be  instantaneous  and  no  irreversible  termination  occurs,  is  in 
accord  with  this  hypothesis. 

We  are  led,  therefore,  to  explore  the  consequences  of  the  assump¬ 
tion  that  in  the  anionic  polymerization  of  methyl  methacrylate  in  the 
presence  of  strongly  complexing  cations  we  have,  as  a  rough  approximation, 
a  =  \a  +  =  0,  but  t  =  XJiKjiXa  '•'  ^-b)  ^  0  and  1  -  \(r  ^  0.  We  now 

assume  i]/,  and  hence  '^2>  to  be  dependent  on  [L],  but  take  and 

and  0.2  to  be  (approximately)  independent  of  [M]  and  [L].  From  Eqs.  (135) 
and  (140a)  we  then  obtain 


P{II}  =  (a^  +  appti]  - 


(158) 


It  follows  that,  for  each  initiator  and  solvent  pair,  if  one  varies  [L], 
plots  of  p{II}  versus  p{I}  should  yield  (approximately)  straight  lines. 

Using  the  data  of  Table  XXIII,  we  have  found  this  to  be  the  case  with 
values  of  Q!i  approximately  equal  to  0.9  and  of  O2  in  the  range  0,05-0.15, 
with  the  actual  values  depending  on  the  solvent  pair  and  initiator.  If 
such  a  representation  of  data  is  valid,  it  is  suggested  that  the  polymeri¬ 
zations  in  the  different  mixtures  are  similar  in  that  in  each  case  there  are 
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two  reactive  species,  changing  only  very  slowly  from  one  to  the  other: 
one,  {!},  producing  quite  isotactic  chains  (very  high  values  of  ai) ,  and 
the  other,  {2},  producing  moderately  syndiotactic  chains  (low  values  of 

Qg)  • 


Glusker  and  co-workers®  have  proposed  from  kinetic  evidence  that 
more  than  two  states  are  involved  in  the  polymerization  of  methyl  meth¬ 
acrylate  by  fluorenyllithium  in  mixtures  of  toluene  with  tetrahydrofuran 
or  ether.  Bywater^^  has  come  to  similar  conclusions.  In  the  cases  where 
the  reactions  {x}  — »•  [y]  are  slow,  a  multistate  mechanism  becomes  equi¬ 
valent  to  a  two-state  mechanism,  as  far  as  MR  spectra  are  concerned,  if 
the  Ctjj's  fall  into  only  two  separated  sets,  one  with  ax  close  to  0  and 
the  other  with  close  to  one. 

If,  in  the  highly  stereospecific  anionic  polymerization  of  methyl 
methacrylate  it  is  really  true  that  Xq  and  are  practically  zero,  then 
we  have  the  case  of  two  reactive  states  polymerizing  independently,  with 
only  rare  conversion  of  one  to  the  other  form.  Such  a  polymerization  is, 
in  a  sense,  heterogeneous,  and  we  see  that  we  have  here,  at  best,  a  limiting 
case  of  the  dynamic  equilibrium  between  two  states  which  we  have  treated 
theoretically.  Experimentally,  this  means  that  one  would  have  to  reduce 
the  monomer  concentration  by  a  very  large  factor  in  order  to  obtain  a 
measurable  reduction  of  p.  It  is  intriguing  to  note  that  if  the  reactions 
(1)  {2)  are  slow,  once  the  species  {1}  and  {2}  are  formed,  their 

relative  concentrations  should  change  only  slowly  upon  subsequent  changes 
in  the  medium.  Since  the  nature  of  the  polymerization  is  sensitive  to  the 
polymerization  medium,  however,  it  appears  that  the  initial  reactions 

E2,  say,  n  <  10  are  sensitive  to  the  medium;  i.e.,  it  appears  that 
the  relative  concentrations  of  {1}  and  {2]  are  affected  by  events  occur¬ 
ring  early  in  the  polymerization,  but  become  "frozen"  at  fixed  values 
when  n  is  large.  This  picture  requires  that  we  modify  our  original  mathe¬ 
matical  assumption  that  the  rate  coefficients  Xa  and  Xh  be  independent 
of  n.  This  picture  is  in  accord  with  the  conclusion  of  Glusker  and  co¬ 
workers®  that  the  kinetics  of  anionic  polymerizations  of  methyl  meth¬ 
acrylate  are  strongly  affected  by  events  occurring  during  the  first  few 
seconds  of  the  reaction,  and  by  their  observation  that  the  rate  of  poly¬ 
merization  depends  in  a  complicated  way  on  the  initial  monomer  concen¬ 
tration  but  decreases  simply  in  proportion  to  [M]  as  the  monomer  is  con¬ 
verted  to  polymer  during  the  polymerization.  On  the  other  hand,  the 
observation  of  Wiles  and  Bywater^®  that  p  and  p{I}  increase  as  the  monomer 
is  consumed  in  the  polymerization  of  methyl  methacrylate  in  toluene  with 
butyl lithium  (Table  XXIV)  suggests  that  here,  even  when  n  is  large,  X^  + 

Xb  is  not  negligible,  and  may  be  affected  by  [M]. 

In  the  anionic  polymerization  of  methyl  methacrylate  in  the 
presence  of  less  strongly  complexing  cations,  e.g.  ,  values  of  p  of  1,  ^ 
or  only  slightly  greater  than  1,  are  observed.  Evidently  here  either  a^  = 
or  the  approximation  +  ^b  =  ^  roughly  applicable,  or 

both.  Systematic  studies  of  the  dependence  of  the  NMR  spectrum  and  of 
the  molecular  weight  distribution  on  the  monomer  concentration  and  other 
variables  in  the  polymerization  of  methyl  methacrylate  with  less  strongly 
complexing  cations  are  now  being  started  in  this  laboratory. 


180 


The  NMR  data  on  poly-a-methylstyrene  prepared  in  ionic  poly¬ 
merizations^^  (Table  XXV)  correspond  to  Bernoulli  trial  statistics  (p  =  1) . 
It  is  known  that  polymers  of  narrow  molecular  weight  distribution  (r  <  1.05) 
are  obtainable  in  the  anionic  polymerization  of  a-methylstyrene  and  of 
styrene  as  well.  If  the  two-state  mechanism  is  applicable  for  these  mono 
mers  5  it  appears  that  for  them  the  rates  of  the  reactions  {1} 
much' greater  than  the  rates  of  the  addition  reactions.  Actually,  the  pre- 
QjLS0  kinetic  studies  of  Bywater  and  Worsfold  on  the  polymerization  of 
styrene  initiated  by  butyllithium  in  mixtures  of  toluene  with  tetrahydro- 
furan  indicate  that  at  least  three  reactive  states  participate  in  the  poly¬ 
merization  and  that  the  equilibrium  between  the  various  states  is  very 
rapid  indeed.  It  follows  that  in  attempts  to  demonstrate  the  two-state 
mechanism  for  these  monomers,  one  would  have  to  increase  [M]  many  fold  to 
obtain  a  measurable  increase  in  p. 
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II.  Anionic  Polymerization  of  Methyl  Methacrylate 


W.  H.  Janes 


The  recent  theoretical  treatment  of  homogeneous  ionic  polymeriza¬ 
tion  by  Coleman  and  (see  also  the  preceding  section)  has  explained 

some  of  the  features  of  such  reactions.  Published  data  on  the  anionic  poly¬ 
merization  of  a-methyl  styrene  and,  more  particularly,  methyl  methacrylate, 
do  not,  however,  provide  a  completely  definitive  test  for  their  theory. 

The  present  work  has,  in  part,  been  directed  towards  obtaining  supporting 
evidence,  of  a  more  specific  nature,  for  the  two-state  mechanism  proposed. 

In  conjunction  with  this,  it  was  considered  that  it  would  be  useful  if 
poly(methyl  methacrylate)  of  narrow  molecular  weight  distribution  and  con¬ 
trolled  stereostructure  could  be  produced.  Such  a  polymer  would  be  parti¬ 
cularly  useful  for  studies  of  physical  chemistry  in  solution  and  in  bulk 
media.  In  melt  viscosity  studies,  poly(methyl  methacrylate)  produced  by 
free  radical  reactions  has  given  unexpected  results;  and  polymers  of  well- 
characterized  molecular  weight  and  stereoregular  structure  would  assist 
in  finding  the  source  of  the  anomaly. 

Several  examinations  of  the  anionic  polymerization  of  methyl 
methacrylate  have  been  reported  in  the  literature.  Braun  et  al.^^  examined 
the  effect  of  counter-ions  on  the  stereoregularity  when  polymerizations 
were  carried  out  in  solutions  of  hydrocarbons,  Lewis  bases,  and  mixtures 
of  these.  Their  data  have  been  summarized  in  the  preceding  section. 

Bywater  and  Wiles and  dusker  et  al.^5^°>-^ have  made  detailed 
kinetic  investigations  of  polymerization  systems  initiated  by  butyllithium 
and  f luorenyllithium  respectively.  Both  groups  found  evidence  that  more 
than  one  reactive  state  existed  in  the  reaction  systems.  The  former 
authors  found  evidence  that  reactions,  other  than  initiation,  can  take 
place  between  the  initiator  and  the  monomer.  Products  from  these  side 
reactions  may  influence  the  rate,  stereoregularity  and  molecular  weight 
distributions  in  several  ways.  In  both  investigations,  bimodal  molecular 
weight  distributions  were  observed  with  some  initiators  but  not  with 
others.  One  important  feature  of  the  reactions  is  the  formation  of  con¬ 
siderable  quantities  of  products  of  molecular  weight  below  1000. 

Clearly,  compared  to  the  anionic  polymerization  of  styrene  or 
a-methyl  styrene,  the  system  to  be  examined  is  considerably  more  complex, 
both  in  theory  and  experiment.  To  achieve  reliable  results  it  is  necessary 
to  ensure  extreme  purity  of  materials  and  cleanliness  of  reaction  vessels. 
Wherever  possible,  solvents  were  purified  by  stirring  with  active  anions 
and  vessels  were  washed  with  anionically  pure  solutions  prior  to  the 
introduction  of  the  reaction  mixtures.  The  purification  of  the  monomer 
was  a  difficult  task,  as  it  forms  colorless  ions;  hence  the  generation 
of  a  colored  species  to  indicate  the  removal  of  impurities,  as  with  styrene, 
was  not  possible.  Rigorous  drying  under  vacuum,  with  type  5A  molecular 
sieves  and  stirring  with  several  portions  of  calcium  hydride,  also  in 
vacuo,  were  carried  out.  The  results  of  polymerizations  indicate  a  high 
level  of  purity.  All  reactions  were  carried  out  under  high  vacuum.  In 
the  polymerization  reactions,  monomer  was  added  either  batchwise,  or  by 
slow  vacuum  distillation,  to  the  initiator  dissolved  in  the  solvent. 


182 


The  system  chosen  for  investigation,  after  some  preliminary 
experiments,  comprised  tetrahydrofuran  as  solvent  and  triphenylmethyl 
sodium  as  the  initiator.  The  latter  was  prepared,  with  slight  modifica¬ 
tions  to  suit  vacuum  techniques,  by  the  method  described  in  ref.  28,  but 
with  tetrahydrofuran  as  solvent.  This  compound  was  used  in  an  attempt 
to  eliminate  the  side  reactions,  which  Bywater  and  Wiles^^  suggested,  of 
the  initiator  with  the  ester  group  of  the  methacrylate.  The  stability  of 
the  triphenylmethyl  anion  and  its  sterically  bulky  nature  should  assist 
in  a  reduction  of  these  side  effects.  A  further  reason  for  the  use  of  a 
sodium  compound  as  initiator  is  that  there  is  no  reported  information, 
on  molecular  weight  distributions  or  stereoregularity  effects  in  reaction 
mixutres  of  toluene  and  tetrahydrofuran,  comparable  to  that  on  lithium 
compounds  as  described  by  dusker  et  al.  ’ 

Tables  XXVI  and  XXVII  show  some  details  of  molecular  weight 
distributions  obtained  and  tacticity  parameters  deduced  from  NMR  spectra. 
The  nomenclature  for  the  latter  quantities  follows  that  of  the  preceding 
section.  The  experiments  at  -78°C  listed  in  Table  XXVI  show  from  the 
yield  of  polymer,  insoluble  in  petroleum  ether,  a  marked  absence  of  the 
low  molecular  weight  products  found  by  Bywater  and  Wiles^®.  At  -40°C, 
with  comparable  reaction  times,  the  yield  of  polymer  is  reduced;  and  the 
high  value  of  3.3  for  M^^/Mn  may  indicate  that  complexities  may  be  intro¬ 
duced  as  the  temperature  is  raised.  The  low  values  of  for  experi¬ 

ments  A8,  A9,  and  AlO  are  of  interest,  A8  and  AlO  giving  among  the  lowest 
values  reported  for  methyl  methacrylate.  It  may  be  significant  that  the 
slightly  higher  figure  of  1.57  in  A9,  as  against  1.3  for  A8  and  AlO, 
reflects  the  difference  in  the  technique  of  monomer  addition  in  the  latter 
experiments.  Although  the  value  of  1.3  is  still  some  way  removed  from 
values  obtained  for  "monodisperse"  polystyrene, it  shows  a  trend  in  the 
right  direction  and  is  encouraging  as  compared  to  the  usual  values  of 
Mvj/Mn  for  anionic  poly(methyl  methacrylate) .  The  ultracentrifuge  sedi¬ 
mentation  patterns  of  A8  and  A9  are  shown  in  Fig.  50.  That  of  A8,  in 
particular,  appears  quite  sharp. 

The  NMR  data  are  in  keeping  with  the  findings  of  Braun  et  al.^^ 
for  polymers  initiated  by  sodium  compounds  in  Lewis  base  solvents.  In 
mixtures  of  toluene  and  tetrahydrofuran,  however,  there  are  some  con¬ 
siderable  differences  between  the  tacticity  parameters  for  polymers  formed 
with  organolithium  initiators  and  those  from  the  sodium  compounds.  This 
is  illustrated  by  Table  XXVII.  In  the  present  work  the  stereoblock  nature 
of  the  polymers  vanishes  and  the  change  from  highly  isotactic  polymers 
(p{I)  =  0.81)  to  more  random  structures  with  increasing  concentrations  of 
THF  is  much  more  gradual.  Thus,  at  about  10  percent  THF,  p{I}  is  0.65 
for  the  sodium  initiator,  but  only  0.12  for  the  lithium  compound.  It  is 
also  worth  noting  that  the  p  values  are  much  lower  in  the  present  experi¬ 
ments  and  are  apparently  unaffected  by  the  change  in  the  amount  of  base. 

In  summary,  it  would  seem  that  a  system  has  been  found,  which 
is  less  complex  than  those  previously  reported,  in  that  it  yields  narrower 
molecular  weight  distributions.  At  present,  experiments  are  being  con¬ 
ducted  with  triphenyl  methyl  potassium  to  obtain  polymers  of  a  more  random 
stereoregular  structure  for  melt  viscosity  studies.  Some  of  the  polymers 
obtained  in  the  experiments  described  here  are  also  being  used  to  assess 
the  effect  of  stereoregularity  and  structural  randomness  on  the  glass  tran¬ 
sition  temperature. 
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Figure  50  Ultracentrifuge  schlieren  patterns  for  poly(methyl  methacrylate)  Samples  A8  and  A9. 

Spinco  Model  E  centrifuge;  speed,  59,780  rpm;  polymer  concentration  ca.  1%;  solvent, 
3-heptanone;  temperature  34°C;  16  minute  intervals  between  photographs. 


Table  XXVII 


Anionic  Polymers  of  Methyl  Methacrylate 
(Prepared  in  Toluene-Tetrahydrofuran  Mixtures) 


Expt.  No. 

Solvent 

7o  THF 

Initiation 

P{I} 

p{SS} 

p{IS^SI} 

4{I} 

4{S} 

P 

All 

3 

93CNa 

0.81 

0.07 

0.24 

6.8 

1.6 

1.3 

a 

2.5 

FlLi 

0.53 

0.39 

0.15 

7.0 

6.2 

3.3 

A.  3 

12 

cp3CNa 

0.65 

0.18 

0.34 

3.8 

2.0 

1.3 

a 

10 

FlLi 

0.12 

0.83 

0.09 

2.7 

2.0 

2.4 

^From  Glusker  et  al.^^ 
cp3CNa  -  triphenylmethyl  sodium 
FlLi  -  f luorenyllithium 


III.  NMR  Spectroscopy  of  Poly(vinyl  Alcohol)  W.  H.  Janes 

It  has  recently  been  found  possible  to  obtain  spectra  from 
polyCvinyl  alcohol)  at  90°C  with  the  Varian  A60  spectrometer.  The  samples 
were  prepared  by  hydrolysis  of  vinyl  formate  polymers^®  that  had  been 
formed  at  temperatures  between  +30°C  and  -20°C  with  initiation  by  free 
'  radicals.  The  spectra  were  taken  from  solutions  of  the  polymer  in  DgO 

with  the  EDO  resonance  as  an  internal  reference  at  3.78  ppm.  This  ref¬ 
erence  peak  interferes  with  the  OH  peak  from  the  polymer  so  only  the 
jjj0^^ylene  resonances  were  suitable  for  examination  to  determine  tacticity. 
Only  one  NMR  spectrum  of  poly(vinyl  alcohol)  has  been  previously  pub¬ 
lished^? 

Two  examples  of  the  spectra  obtained  in  the  current  work  are 
shown  in  Fig.  51  below  with  a  reproduction  of  those  given  by  Danno  and 
Hayakawa^°.  If  their  assignment  of  resonances  is  correct,  then  the 
samples  used  in  the  current  work  are  evidently  syndiotactic .  Comparison 
of  (a)  and  (b)  indicate  that  there  is  no  change  in  the  tacticity  of  the 
two  samples  prepared  by  extreme  temperatures.  This  is  in  contradiction 
to  published  information  on  these  samples^®  which  shows  gradual  changes 
in  water  solubility  and  Huggins  constant.  Two  explanations  are  possible: 
either  the  tacticity  changes  are  too  small  to  be  detected  by  NMR  (which 
seems  unlikely  as  this  is  probably  the  most  sensitive  test  we  have)  or 
the  previous  data  have  shown  changes  in  branching  and  not,  as  first  sup¬ 
posed,  of  tacticity.  This  work  is  continuing,  to  establish  the  reason 
for  the  contradictory  evidence. 
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Figure  51  NMR  spectra  (methylene  resonances)  from  poly(vinyl  alcohol). 

Varian  A60  spectrometer  probe  temperature  90°C:  (A)  polymer 

prepared  from  poly(vinyl  formate)  polymerized  at  -20'’C;  (B) 
polymer  from  poly(vinyl  formate)  polymerized  at  +30°C.  The 
traces  in  (C)®°  are  for  isotactic,  syndiotactic,  and  atactic 
polymers  o 
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